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The following treatise on Analytical G^metry and the Cal« 
oulus constitutes the fourth volume of a course of Mathematics 
designed for Colleges and High Schools, and is prepared upon 
substantially the same model as the preceding volumes. It was 
written, not for mathematicians, nor for those who have a pe- 
culiar talent or fondness for the matbematicsi but rather for 
the mass of college students of average abilities. I have, there- 
fore, labored to smooth down the asperities of the road so as 
not to discourage travelers of moderate strength and courage ; 
but have purposely left some difficulties, to arouse the energies 
and strengthen the faculties of the beginner. In a course of 
liberal education, the primary object in studying the mathe- 
matics should be the discipline of the mental powers. This 
discipline is alike imix)rtant to the physician and the divine, the 
jurist and the statesman, and it is more eflfectually secured 
by mathematical studies than by any other method hitherto 
proposed. Hence the mathematics should occupy a prominent 
place in an education preparatory to either of the learned pro- 
fessions. But, in order to secure the desired advantage, it is 
indispensable that the student should comprehend the reasons 
of the processes through which he is conducted. How can he 
be expected to learn the art of reasoning well, unless he see 
clearly the foundations of the principles which are taught? 
This remark applies to every branch of mathematical study, 
but perhaps to none with the same force as to the Differential 
and Integral Calculus. The principles of the Calculus are fur- 
ther removed from the elementary conceptions of the mass of 
mankind than either Algebra, Geometry, or Trigonometry^ and 
they require to be developed with corresponding care. It is 
quite possible for a student to learn the rules of the Calculus, 



iv Preface. 

and attain G(»isi^rable dexterity in applying them to the solu* 
tion of dificult problems, without having acquired any clear 
idea of the meaning of the terms Differential and Differential 
Coefficient. Crises of this kind are not of rare occurrence, and 
the evU may fairly be ascribed, in some degree, to the imper- 
fection of the tfext-books employed. The English press has for 
years teemed with "Elementary treatises on the Calculus," 
many of which are wholly occupied with the mechanical pro- 
cesses of clifferentiating and integrating, without any attempt 
to explain the philosophy of these operations. A genuine math- 
ematician, may work his way through such a labyrinth, and 
solve the difficulties which he encounters without foreign as- 
sistance; but the majority of students, if they make any prog- 
ress, will only proceed blindfolded, and after a time will aban- 
don the study in disgust. 

I have accordingly given special attention to the develop- 
ment of the fundamental principle of the Differential Calcu- 
lus, and shall feel a proportionate disappointment if my labors 
shall be pronouaced abortive. The principle from which I have 
aimed to deduce th6 whole science, appears to me better adapt- 
ed to the apprehension of common minds than any other ; and 
although I do not claim for it any originality, it appears to me 
that I have here developed it in a more elementary manner 
than I have before seen it presented, except in a small volume 
by the late Professor Ritchie, of London University. I have de- 
rived more important suggestions from this little volume, than 
from all the other works on the Calculus which have. fallen 
under my notice. The exposition of the principles of the Cal- 
culus contained in the following treatise, appears to me so clear, 
that I indulge the hope that hereafter this subject may be made 
s. standard study for all the students of our colleges, and not 
be abandoned entirely to the favored few. 

While the mental discipline of the majority of students has 
been the object kept primarily in view, it is believed that the 
course here pursued will be found best adapted to develop the 
taste of genuine mathematicians ; for a clear conception of the 
fundamental principles of the science must certainly be favor- 
able to future progress. The student who renders himself fa- 
miliar with the present treatise will have acquired a degree of 
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mental disoipline which will prove invaluable in every depart^ 
ment of business ; and he will be enabled, if so inoliaed, to 
pursue advantageously any of the standard treatises on the 
same subject. 

Every principle in this work is fiilly illustrated by practical 
examples, and at the close will be found a large collection of 
miscellaneous problems, to be used according to the discretion 
of the teacher or the taste of the pupil. 
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SECTION I. 

APPLICATION OF ALGEBRA TO GEOMETRY. 

Article 1. The relations of Geometrical magnitudes may 
be expressed by mean^ of algebraic symbols, and the demon- 
strations of Geometrical theorems may thus be exhibited more 
concisely than is possible in ordinary language. Indeed, so 
great is the advantage in the use of algebraic symbols, that 
they are now employed to some extent in all treatises on Ge- 
ometry. 

(2.) The algebraic notation may be employed with even 
greater advantage in the solution of Geometrical problems. 
For this purpose we first draw a figure which represents all 
the parts of the problem, both those which are given and those 
which are required to be found. The usual symbols or let- 
ters for known and unknown quantities are employed to de- 
note both the known and unknown parts of the figure, or as 
many of them as may be necessary. We then observe the re- 
lations which the several parts of the figure bear to each other, 
from which, by the aid of the proper theorems in Geometry, 
we derive as many independent equations as there £^re un- 
known quantities employed. The solution of these equations 
by the ordinary rules of algebra will determine the value of 
the unknown quantities. This method will be illustrated by a 
few examples. 

Ex. 1. In a right-angkd triangle, having given the base and 
sum of the hypothenuse and perpendicular^ to find c 

ttie perpendicular. 

Let ABC represent the proposed triangle, right- 
angled at B. Represent the base AB by 6, the 
perpendicular BC by z, and the sum of the hypoth- 
enuse and perpendicular by s ; then the hypothe- 

A 
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nuse will be represented by «— x. Then, by GeootL, Prop. 11, 

B. IV., AB'+BC^=AC«; 

that U, y+x'=(*-a:)*=*'-2«a:+x*. 

Taking away t? from each side of the equation, we have 

or 2ja;=«*— M; 

Whence ^=—7i — ^i 

from which we see that in any right-angled triangle, the per- 
pendicular is equal to the square of the sum of the hypothe- 
nuse and perpendicular, diminished by the square of the base, 
and divided by twice the sum of the hypothenuse and perpen- 
dicular. Thus, if the base is 3 feet, and the sum of the hy- 

pothenuse and perpendicular 9 feet, the expression — — be- 

9*— 3* 
comes =4, the perpendicular. 

Ex. 2. Having given the base and altitude of any triangle^ it 
is required to find the side of the inscribed square. 

Let ABC represent the given triangle, 
in which there are given the base AB and 
the altitude CH ; it is required to find the 
side of the inscribed square. 

Suppose the inscribed square DEF6 to 

be drawn. Represent the base AB by b, 

the perpendicular CH by A, and the side of the inscribed square 

by X ; then will CI be represented by h—x. Then, because GF 

is parallel to the base AB, we have, by similar triangles, Geom., 

Prop. 16, B. IV., 

AB:GF::CH:CI; 

that is, ' b : X \:h: A— x ; 

or, since the product of the extremes is equal to that of the 

means, 

hh—bx^hx; 

bh 
whence a;=^-rY ; 

O-Tri 

that is, the side of the inscribed square is equal to the product 
of the base and height divided by their sum. 

Thus, if the base of the triangle is 12 feet, and the altitude 
6 feet, the side of the inscribed square is found to be 4 feet. 
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Ex. 3. Having given the base and altitude of any triangle, it 
is required to insert within it a rectangle whose sides shall 
have to each other a given ratio. 

Let ABC be the given triangle, and sup- 
pose the required rectangle to be inscribed 
within it. Represent the base AB by b, 
the altitude CH by A, the altitude of the 
rectangle DG by z, and its base DE by y ; 
also, let ;i; : y : : 1 : n, or y^nx. 

Then, because the triangle GFC is similar to the triangle 
ABC, we have 

AB:GF::CH:CI, 
that is, b : y :: h : h—z ; 

whence bh—bx^hy. 

But since y=)ix« we obtain 

Whence ag= ; . . 

If we suppose n equals unity, that is, the sides of the rectan- 
gle are equal to each other, the preceding result becomes 
identical with that in Example 2. 

Ex. 4. The diameter of a circle being given^ to determine the 
side of the inscribed equilateral triangle. 

Suppose ABC to be the required triangle 
inscribed in a circle whose diameter is CD. 
Represent CD by d, and CB by x. Also 
join DB. Then, Geom., Prop. 15, Cor. 2, 
B. III., CBD is a right-angled triangle, and, 
G^om., Prop. 4, B. VI., BD is one half of M, 
CD. 

Hence CB*+BD*=CD* ; 




that is, 



Whence 



or 



x^+^^d\ 



x'= 



X =■ 



3rf^ 
4 ' 

dy/% 



that is, the side of the inscribed triangle is equal to the diameter 
of the circle multiplied by half the square root of three. 
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Ex. 5. The diameter, (f, of a circle being given, to determine 
the side of the circumscribed equilateral triangle. 

Ans. rf\/3.- 

Ex. 6. Prom any point within an equilateral triangle, per- 
pendiculars are drawn to the three sides. It is required to find 
the sum, s, of these perpendiculars. 

Ans. 5= altitude of the triangle. 

Ex. 7. Given the difference, rf, between the diagonal of a 
square and one of its sides, to find the length of the sides. 

Ans. d+dy/2. 

Ex. 8. In a right-angled triangle, the lines a and b, drawn 
from the acute angles to the middle of the opposite sides, are 
given, to find the lengths of the sides. 

Ans. 2\ / ~^ > ™d 2\ / ^,7 ' 

Ex. 9, Given the lengths of three perpendiculars, a, b, and 
c, drawn from a certain point in an equilateral triangle to the 
three sides, to find the length of the sides. 

Ans. H(^i±ti). 

Ex. 10. Given the base b and the difference d between the 
hypothenuse and perpendicular of a right-angled triangle, to 
find the perpendicular. 

Ans. — - , . 
2a 

Ex. 11. Given the hypothenuse A of a right-angled triangle, 

and the ratio of the base to the perpendicular, as m to n, to 

find the perpendicular. 

. nh 

Ans. 



Ex. 12. Given the diagonal ^ of a rectangle, and the perim- 
eter 4/7, to find the lengths of the sides. 

Ans. J'=t\/ -5— /?'• 

Ex. 13. If the diagonal of a rectangle be 10 feet, and its pe 
rimeter 28 feet, what are the lengths of the sides ? 

Ans^ 



'^ 



SECTION li. 

CONSTRUCTION OF EQUATIONS. 

(3.) The construction of an equation consists in finding a Geo- 
metrical figure which may be considered as representing that 
equation ; that is, a figure in which the relation between the 
parts shall be the same as that expressed by the equation. 

Problem I. To construct the equation x=a+b. 

The symbols a and b being supposed to stand for numerical 
quantities may be represented by lines. The length of a line 
is determined by comparing it with some known standard, as 
an inch or a foot. If the line AB contains the standard unit a 
times, then AB may be taken to represent a. So, also, if BC 
contains the standard unit b times, then BC may be taken to 
represent b. Therefore, in order to construct the expression 

a+6, draw an indefinite line AD. From i u- 

the point A lay oflf a distance AB equal to 

a, and from B lay ofif a distance BC equal to 6, then AC will 

be a right line representing a+b. 

Problem II. To construct the equation x=a^b. 

Draw the indefinite line AD. From , ■ 

the point A lay oflf a distance AB equal to , 

a, and from B lay off a distance BC in the direction toward A 
equal to 6, then will AC be the difference between AB and 
BC ; consequently, it may be taken to represent the expres- 
sion a—b. 

(4.) A single factor may always be represented by a line, 
and an algebraic expression, consisting of a series of letters 
connected together by the signs + and —, may be represented 
by drawing a line of indefinite length, and setting off upon it all 
the positive terms in one direction^ s^nd all the negative terms 
in the opposite direction. 

Problem III. To construct the equation x=ab. 
Let ABCD be a rectangle of which the side AB contains the 
standard unit a times, and the side AC contains the same unit 
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b times. If we draw lioes parallel to AC 
through the points £, F, etc., and lines 
parallel to AB through the points G, H, 
etc., the rectangle will be divided into g 
square units. Then, in the first row, 
AGIB, there are a square units ; in the 
second row, GHKI, there are also a square units, and there ;ire 
as many rows as there are units in 'AC ; therefore the rectangle 
contains axb square units, or the rectangle may be consider- 
ed as representing the expression ab, 

(5.) The product of two factors may, therefore, always be 
represented by a surface. 

Problem IV. To construct the equation x=ahc, 
. Let there be a parallelopiped whose three adjacent edges 
.contain the standard unit respectively a, 6, and c times ; then» 
dividing the solid by planes parallel to its sides, we may prove 
that the number of solid units in the figure is aXbXc, and, con- 
.sequently, the parallelopiped may be considered as represent- 
ing the expression a6c. 

(6.) The product of three factors may, therefore, always be 
represented by a solid. 

' Pboblem V. To construct the equation x= — . 



rr ^f> 1 

If j:= — ^..then 
c 



c: a 



• a 



b : x; 



that is, :r is a fourth proportional to the three given quantities, 
c, a, and b ; hence the line whose length is expressed by x is 
a fourth proportional to three lines whose respective lengths 
are c, a, and b. 

From A draw two lines AB, AC mak- 
ing any angle with each other. From A 
lay off a distance AD equal to c, AB equal 
to a, and AE equal to b. Join DE, and 
through B draw BC parallel to DE ; then 
will AC be equal to x. ' 

For, by similar triangles, we have 

AD : AB : : AE : AC, 

or c \ a i: b : AC. 




D B 



Hence 



^ oh 
AC=— . 
c 
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Problem VL To construct the equation x=—r-. 

This expression can be put under the form 

abXc ah c 

First find a fourth proportional m to the three quantities d, a, 
and b ; that is, make 

d\ aiib im; whence m=-r« 

a 

The proposed expression then becomes 

mc 



....••••• 



B 



/ 



D 



which may be constructed as in Problem V. 

Problem VII. To construct the equation x= y/ab. 

Since Vafr is a mean proportional between a and ft, the 
problem requires us to find geometrically a mean proportional 
between a and ^. 

Draw an indefinite straight line, and upon 
it set oflf AB equal to a, and BC equal to b. 
On AC, as a diameter, describe a semicir- 
cle, and from B draw BD perpendicular to 
AC, meeting the circumference in D ; then 
BD is a mean proportional between AB and BC (Geom., Prop. 
22, Cor., B. IV.). Hence BD is a line representing the expres- 
sion y/ah. 

Problem VIII. To construct the equation a:= Va'+b". 

Draw the line AB, and make it equal to a ; q 

from B draw BC perpendicular to AB, and 
make it equal to b. Join AC, and it will 
represent the value of Va^+b^. For AC''= 
AB'+BC (Geom., Prop. 11, B. IV.). 

Problem IX. To construct the equation x= Va'''-b\ 

Draw an indefinite right line AB ; at B 
draw BC perpendicular to AB, and make it 
equal to 6. With C|as a center, and a radius 
equal to a, describe an arc of a circle cut- 
ting AB in D ; then will BD represent the A d\ 
expression Va*—b*. For 

BD'=D C'-BC '=a'-y; 
Whence BD = Va'-b\ 
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mt, and Ute imaller radius r' to increase, ibe differeDce 
will dimimsh ; and, since the oumerator or remaios con- 
tbe Talue of x will increase ; which shows that the nearer 
'o circles approach to eqoality, the more distant is the 
of intersecIioD of the tangent line with the line joining the 
s. yihea the two radii r and r' become equal, the de- 
aler becomes 0, and the value of x becon>es infinite. 
-. 3. If we snppose r' to increase so as to become greater 
, the value of x becomes negative, which shows that the 
T falls to the left of the two circles. 
'. 3. Two other tangent lines may be drawn intersecting 
ither between the circles. If 
present CT by x, the radii of 
rcles by r and r*, and the dis- | 
between tbeir centers by a, 
all have from the similar tri- 
I CMT, C'M'T, the proportion 

CM : CM' : : CT : C'T. 
r : r* :: x : a—x ; 
or 

i expression may be constructed in a maimer nmilar to 
irmer. Through the centers 
[ C draw two parallel radii 
/'N', lying on different sides . 
line CC' ; join the points NN', ( 
iroi^h T, where this line in- 
ts CC', draw a line tangent to 
f the circles, it will be a tangent to the other. For 
jh N' draw N'D parallel to CC, and meeting CN pro- 
in D. DN' will then represent a, ND will represent 
and the aimilar triangles NCT, NDN' will furnish the 
rtion 

ND : DN' : : NC : CT, 
r+r': a :: r :CT; 

, is the value already found for x. 

Every Algebraic expression, admitting of geometrical 
'uction, must have all its terms homogeneous (Algebra, 
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.\rt 31) ; that is, each term must contain the same number of 
;iteral factors. Thus, each term must either be of one dimen- 
sion, and so represent a line ; or, secondly, each must be of 
two dimensions, and represent a surface ; or, thirdly, each must 
be of three dimensions, and denote a solid ; since dissimilar 
geometrical magnitudes can neither be added together nor sub- 
tracted from each other. 

It may, however, happen that an expression really admitting 
of geometrical construction appears to be not homogeneous ; 
but this result arises from the circumstance that the geometrical 
imit of length, being represented algebraically by 1, disappears 
from all algebraic expressions in which it is either a factor or 
a divisor. To render these results homogeneous, it iw only 
necessary to restore this divisor or factor which represents 
unity. 

Thus, suppose we have an equation of the form 

If we put / to represent the unit of measure for lines, we may 
change it into the homogeneous equation, 

lx=ab+clf 

ab 
or x=-j-+c ; 

which is easily constructed geometrically. 



8ECTI0I III. 

ON THE POINT AND STRAIGHT USE. 

(8.) There are two methods of denoting the position of a 
point in a plane. The first is by means of the distance and 
direction of the proposed point from a given ^/P 

point. Thus, if A be a known point, and 
AX be a known direction, the position of ^^ \ 
the point P will be determined when we a 
know the distance AP and the angle PAX. 

The assumed point A is called the/)o&; the distance of P 
from A is called the radius vector ; and the radios vector, to- 
gether with its angle of inclination to the fixed line, are called 
the polar co-ordinates of the point. 

(9.) It is, however, generally most convenient to denote the 
position of ^ point by means of its distances from two given 
lines which intersect one another. Thus, 
let AX, AY be two assumed straight lines 
which intersect in any angle at A, and let P 

be a point in the same plane ; then, if we ^/ 7^ 

draw PB parallel to AY, and PC parallel to / / 

AX, the position of the point P will be de- A b 

noted by means of the distances PB and PC. 

The two lines AX, AY, to which the position of the point P 
is referred, are called axes, and their point of intersection A is 
called their origin. The distance AB, or its equal CP, is called 
the abscissa of the point P ; and BP, or its equal AC, is called 
the ordinate of the same point. Hence the axis AX is called 
the axis of abscissas, and AY is called the axis of ordinates. 

The abscissa and ordinate of a point, when spoken of to- 
gether, are called the co-ordinates of the point, and the two 
axes are called co-ordinate axes. 

The axes are called oblique or rectangular, according as 
YAX is an oblique or a right angle. Rectangular axes are the 
most simple, and will generally be employed in this treatise. 
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An abscissa is generally denoted by the letter x^ and an or- 
din;ate by the letter y ; and hence the axis of abscissas is often 
called the axis of X, and the axis of ordinates the axis of Y. 

The abscissa of any point is its distance from the axis of or' 
dinateSf measured on a line parallel to the axis of abscissas. 

The ordinate of any point is its distance from the axis of ab- 
scissaSf measured on a line parallel to the axis of ordinates. 

(10.) The position of a point may be determined when its 
co-ordinates are known. For suppose the abscissa of the p6int 
F is equal to a, and its ordinate is equal to b. 
Then» to determine the position of the point 
P, from the origin A lay off on the axis of 




abscissas a distance AB equal to a, and /" 7 

through B draw a line parallel to the axis / / y 

of ordinates. On this line lay off a distance -^ ^ 

BP equal to 6, and P will be the point required. 

Hence, in order to determine the position of a point, we need 
only have the two equations 

in which a and h are given. These equations are» therefore, 
called the equations of a point. 

(11.) It is, however, necessary, in order to determine the 
position of a point, that not only the absolute values of a and b 
should be given, but also the signs of these quantities. If the 
axeff are produced through the origin y 

to X' and Y', it is obvious that the w / p 

abscissas reckoned in the direction 

AX' ought not to have the same sign X^— 7^ -^ f X 

as those reckoned in the opposite di- 
rection AX ; nor should the ordinates 
measured in the direction AY' have ^ 

the same sign as those measured in the opposite direction AY ; 
for if therB were no distinction in this respect, the position of a 
point as determined by its equations would be ambiguous. 
Thus the equations of the point P would equally belong to the 
points P', P", P'", provided the absolute lengths of the co-or- 
dinates of each were equal to those of P. All this ambiguity 
is avoided by regarding the co-ordinates which are measured 
in one direction as plus^ and those in the opposite direction 
minus. It is generally agreed to regard those abscissas which 
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fall on the right of the origin A as positive, and hence those 
which fall on the left must be considered negative. So, also, 
it has been agreed to consider those ordinates which are above 
the origin as positive, and hence those which fell below it must 
be considered negative. 

(12.) The angle YAX is called the first angle; YAX' the 
second angle; Y'AX' the third angle; and Y'AX iYie fourth 
angle. 

The following, therefore, are the equations of a point in each 
of the four angles : 

For the point P in the first angle, a:=+a, y=+&, 
** P' " second angle, a:=*— a, y=+i, 

P" *• third angle, a;=— a, y=— J, 
F" •* fourth angle, a:=+a, y=— 6. 

If the point be situated on the axis AX, the equation y=& 
becomes y=0, so that the equations 

a:=«±a, y=0, 

characterize a point on the axis of abscissas at the distance a 
from the origin. 

If the point be situated on the axis AY, the equation x=a 
becomes 2;=0, so that the equations 

x=:0, y==fc6, 

characterize a point on the axis of ordinates at the distance h 
from the origin. 

If the point be common to both axes, that is, if it be at the 
origin, its position will be expressed by the equations 

a;=0, y=0. 

Ex. 1. Determine the point whose equations are a:=-f4, 

y=-3. 

Ex.2. Determine the point whose equations are a:=— 2, 
y=+7. 

Ex. 3. Determine the point whose equations are a:=0, 
y=-5. 
Ex. 4.- Determine the point whose equations are x=— 8, 

y=0. 

Definition. — The equation of a line is the equation which 
expresses the relation between the co-ordinates of every point of 
the line. 
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Peoposition I. — Theorem. 

(13.). !Z%e equation of a straight 4ine referred to rectangular 

axes is 

y=^ax+b; 

where x and y are the co-ordinates of any point of the line, a 

represents the tangent of the angle which the line makes with 

the axis of abscissas, and b the distance from the origin at 

which it intersects the axis of ordinates. Also, a and h may 

be either positive or negative. 

Let A be the origin of co-ordinates, 

AX and AY be rectangular axes, and 

PC any straight line whose equation 

is required to be determined. Take 

any point P in the given line, and 

draw PB perpendicular to AX ; then -^ 

will PB be the ordinate, and AB the abscissa of the point P. 

From A draw AD parallel to CP, meeting the line BP in D. 

Let AB=x, 

BP=y, 
tangent PEX or DAX=a, 
and AC or DP=6. 

Then, by Trigonometry, Theorem II., Art. 42, 

R : AB 2 : tang. DAX : BD, 
or R : a; : : a : BD. 

Hence, calling the radius unity, we have 

BD=aa:. 
But BP=BD+DP; 

hence y= ax +6. 

If the line CP cuts the axis of ordi- 
nates below the origin, then we shall 
have BP=BD-DP, 

or y= ax —6. 

(14.) The line PC has been drawn 
so as to make an acute angle with the 
axis of abscissas ; but the preceding 
equation is equally applicable whatever may be this angle, 
provided proper signs are attributed to each term. The angle 
which the line makes with the axis of abscissas is supposed to 
be measured from the axis AX around the circle by the left. 
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If the an^Ie U obtuse, iu Uc^eat will be oegatiye (Trig- 

etry. Art. TOJ. Ttius, if PC be 

js.Uoaotiite pr&[Krsed llite wiili 
ince to the recta&^u^ar axes 
AY, then, in the proportion 
I : AB : : tang. DAX : BD, 
l>£cissa AB ii ne^tive, being 
ired from the origin toward the 
the tangent of DAX is also negative ; their product is 
fore positive, as it should be, for the ordioate BD is posi- 
ting measured from ibe origin above the axis of abscissae 
equation of this line may. therefore, be writtm 

9 it must be observed that the sign — applies <Hily to the 
ity a, and not to x, for the sign of^ depends upon its di- 
m from the origin A- If the line PC be produced toward 
ght beyond AY, its abscissas will be positive. 
I.) There may, therefore, be four positions of the pro- 
I line, and these positions are indicated by the signs of a 

in the general equation. 
Let the line take the position shown 
> annexed diagram, cutting the axis 

to the left of the origin, and the 
>f T above it, then a and b are both 
ve, and the equation is 
y=-\-ax+b. 
If the line cuts the axis of X to the 
of the origin, and the axis of Y be- 
t, then a will still be positive, but b 
>e negative, and the equation be- 
s 

i/=+ax—b. 
If the line cuts the axis of X to the 

of the origin, and the axis of Y 
i it, then a becomes negative and b 
ve. In this case, therefore, the 
ion is 

y=—ax+b. 
If the line cuts the axis of X to the left of the origin, and 
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the axis of Y below it, then both a and b 
will be negative, so that the equation be- 
comes y^—ax—b. 

If we suppose the straight line to pass 
through the origin A» then b will be equal 
to zero, and the general equation becomes 

y=aXf 

which is the equation of a straight line passing through the 
origin. 

Ex. 1. Let it be required to draw the line whose equation is 

y=2a?-f4. 

If in this equation we make x=0, the value of j^ will designate 
the point in which the line intersects the axis of ordinates, for 
that is the only point of the line whose abscissa is 0. This 
supposition will give 

y=4. 

Having drawn the co-ordinate axes AX, 
AY, lay off from the origin A a distance 
AB equal to 4 ; this will be one point of 
the required line. 

Again, if in the proposed equation we 
make y=0, the value of x, which is found 
from the equation, will designate the point 
in which the line intersects the axis of abscissas, for that is the 
only point of the Ime whose ordinate is 0. This supposition 
will give 2a; =—4, 

or a:=--2. 

Lay off from the origin A, toward the left,. a distance AC 
equal to 2 ; this will give a second point of the proposed line, 
and the line may be drawn through the two points B and C. 

(16 ) We may determine any number of points in this line 
by assuming particular values for x or y ; the equation will 
furnish the corresponding value of the other variable. 

Making successively 

2:=1, we find y= 6, 
ar=2, " y= 8, 
a:=3, « y=10, 
a:=4, " y=:12, 
etc. etc. 

. In order to represent these values by a figure, we draw two 




26 



Analytical Geometry. 



BCDE 



axes AXy AY at right angles to each other. 
Then, in order to construct the values x= 1, 
y=6, we set off on the axis of abscissas a y 
line AB equal to 1, and erect a perpendicu- 
lar BG equal to 6 ; this determines one 
point of the required line. Again, take 
AC equal to 2, and make the perpendicular 
CH equal to 8 ; this will determine a sec- 
ond point of the required line. In the same 
manner we may determine the points K and L, and any num- 
ber of points. The required line must pass through all the 
points, G, H, K, L, etc 

Ex. 2. Construct the line whose equation is 

Ex. 3. Construct the line whose equation is 

y=3a;— 7. 

Ex. 4. Construct the line whose equation is 

y=— a:+2. 

Ex. 5. Construct the line whose equation is 

y=— 2a;— 5. 

In the equation y^ax+b^ the quantities a and b remain the 
same, while the co-ordinates x and y vary in value for every 
point in .the same line. We, therefore, call a and b constant 
quantities, and x and y variabk quantities. 



Proposition II.- — Theorem. 

(17.) Every equation of the first degree containing two varia- 
bles is the equation of a straight line. 



Every equation of the first degree containing two variables 
can be reduced to the form 

Ay=B;i;+C, 

u B ^C 

whence y=-r^+T- 

^ A A 

B C 

For the sake of simplicity, let us put a for -^, and b for -j, 

and the equation reduces to 

y=ax+b. (1) 

Draw the co*ordinate axes AX, AY at riglit angles to each 
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other ; make AB equal to b^ and AC equal 
to -, and through the points B and C draw 

the line PBC, it will be the geometrical 
representation of the proposed equation. 
For the equation of this line is 




AB ,„ 



AC 



(2) 



but by the construction. 



AB ^ b 

also, AB=6. 

Therefore the equations (1) and (2) are identical, and each is 
the analytical representation of the line PBC. 
Ex. Draw the line whose equation is 2y=32;— 5. 

Proposition III.— Theorem. 

(18.) The equcHion of a straight line passing through a given 
point is 

y-y'=a(x-a:'), 
where x' and y' denote the co-ordinates of the given point, 
X and y the co-ordinates of any point of the line, and a the 
tangent of the angle which the line makes with the axis of ab- 
scissas. 

Known co-ordipates are usually designated by marking them 
thus, 

x',y'; x",y"; a;'", y'", etc., 

which are read x prime, y prime ; x second, y second ; x third, 
y third, etc. 

Let P be the given point, and designate y 
its co-ordinates by x' and y'. Then, since 
the general equation for every point in the 
required Ime is 

y=ax+b, (1) 

it follows that when the variable abscissa x 

becomes x', then y will become y'; hence the equation to the 

lin6 becomes 

y'=ax'+b. (2) 

Equation (1) may be regarded as contaming four unknown 
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quantities, and equation (2) imposes a new condition upon 
them. Each of these equations must be satisfied at the satne 
time, and by combining them in one, we shall be able to elimi- 
nate one of the unknown quantities. 

Subtracting equation (3) from equation (1), we obtain 

which is the equation of a line passing through the given 
point P. 

Since the tangent a, which fixes the direction of the Iine» is 
not determined, there may be an infinite number of straight 
lines drawn through a given point. This is also apparent from 
the figure. 

(19.) If it be required that the line shall pass through a given 
point, and be parallel to a given line» then the angle which the 
line makes with the axis of abscissas is determined ; and if 
we put a' for the tangent of this angle, the equation of the line 
sought will be 

Ex. Draw a line through the point whose abscissa is 5 and 
ordinate 3, making an angle with the axis of abscissas whose 
tangent is equal to 2. 

Pboposition IV. — Theokem. 

(20.) The equation of a straight line which passes through 
two given pdints is 

where x' and y' are the co-ordinates of oiie of the given points, 
x" and y" the co-ordinates of the other point, and a; and y the 
general co-ordinates of the line. 

Let B and C be the two given points, 
the co-ordinates of B being x' ^nd y\ and 
the co-ordinates of C being x" and y". 
Then, since the general equation for 
every point in the required line is 

y=ar+6, (1) 
it follows that when the variable abscissa z btcomes x', then 
y will become y' ; hence the equation to the line becomes 

y':=ax'+h. (8) 
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Also, when the variable abscissa x becomes x", then y be- 
comes y'\ and the equation to the line becomes 

y"=aa;"+6, (8) 

Equation (1) contains four unknown quantities, and equa- 
tions (2) and (3) impose two new conditions upon them. By 
combining these three equations. in one, we shall be able to 
eliminate two of the unknown quantities ; and this we are at 
liberty to do, since each of these equations must be satisfied at 
the same time. 

If we subtract equation (2) from equation (1), we obtain 

y-y'=a(a:--a:'). (4) 

Also, if we subtract equation (3) from equation (2), we obtain 

y— y" 
from which we find a^^, — ^,. 

Substituting this value of a in equation (4), we have 

which is the equation of the line passing through the two given 
points B and C. 

x'—x 
from the figure. For y'—y" is equal to BD, and x'— x" is equal 

y'—y" BD 

to CD ; hence ,^ „ is equal to pT^, which is the tangent of 

I the angle BCD, the radius being unity (Trigonometry, Art. 42). 

I If the proposed line passes through the origin, then x"=0, 

I and y =0, and the equation becomes 

I y 

which is the equation of a straight line pasiiitg through the 
origin and through a given point 

Ex. 1. Find the equation to the straight line which passes 
through the two points whose co-ordinates are x'=7, ^'^=4, 
x"=5, y'^=3, an4 determine the angle which it makes with the 
axis of abscissas. 

Ex. 2. Find the equation to the straight line which passes 
through the two points ;c'=2, y'=3, and x"=s:4, y"=5. 



(21.) We have found a equal to ^, — ^. This is obvious ' 



\ 
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Proposition V, — Theorem. 
(22.) The distance between two given points is equal to 

where z^ and y' are the co-ordinates of one of the given points, 
and x'' and y^^ those of the other. 

Let B and C be the two given points, y b 

Designate the co-ordinates of B by x' 
and y*f and the co-ordinates of C by x" 
and y". Draw CD parallel to AX. The 
distance BC is equal to A 

VCD*4-BD\ 

But CD=a;'-;x", and BD=y'— y" ; therefore the expression 
for the distance between B and C is 




Vix'-xy+iy'-y^'y. 



Proposition VI. — Theorem. 

(23.) The tangent of the angle included between two straight 
lines is 

a'^a 

Tfaaf* 
where a and a' denote the tangents of the angles which the 
two lines make with the axis of abscissas. 

Let BC and DE be any two lines 
intersecting each other in P. Let the 
equation of the line DE be 

y=^flu:+6, 

and the equation of BC be 

y=a'x+b'; 

then a will be the tangent of angle PEX, and a' the tangent 
of the angle PCX. Designate the angle PEX by a, and the 
angle PCX by a'. Now, because PCX is the exterior angle of 
the triangle PEC, it is equal to the sum of the angles CPE and 
PEC ; that is, the angle EPC is equal to the dilSerence of the 
angles PCX and PEX, or 

EPC=PCX-PEX=a'-a ; 

whence tang. EPC=tang. (PCX- PEX) = tang. (a'-a). 
But, by Trigonometry, Art. 76, 
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, , V tang, a'— tanff. a 

tang. ((i'-'a)=^ — ^ s — 

^ ^ ' 1+tanff. a tanff. a' 



a'^a 



Therefore, tang. EPC=r-7 — :. 

° l+aa' 




If the angle of intersection of the two lines be a right angle, 

its tangent must be infinite. But in order that the expression 

a' — €L 

—- — ; may become infinite, the denominator 1 +aa' must be- 

come zero; so that in this case we must have aa'= — 1, or 

a= — ;. This, then, is the condition by which two straight 

lines are shown to be at right angles to each other. 

(24.) This last conclusion might have been derived from the 
principles of Trigonometry. Thus, let 
the two lines PC, PE be perpendicu* 
lar to each other ; then the angle PCE 
is the complement of PEC. But by 
(Trig., Art. 28) tang. Xco tang. =R' or 
unity; hence tang. PEC X tang. PCE 
= 1. Now PCX, being the supplement of PCE, has the same 
tangent (Trig., Art. 27), but with a negative sign (Trig., Art. 
TO). Hence 

tang. PEC X tang. PCX= - 1. 

(25.) We have found. Art 18, that the equation of a straight 
line passing through a given point is 

y-y'=a(x-a:'). 
To find the equation of a line perpendicular to it, we must 

substitute for a, — ;. Hence 

a' 

is the equation of a line passing through a given point, and per 
peudicular to a given line. 

Proposition VII. — Theorem. 

(26.) The equation of a straight line referred to oblique axes 
is 

y=ax+b9 
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where a represents the ratio of the sme of the angle which the 
line makes with the axis of abscissas, to the sine of the angle 
which it makes with the axis of ordinates. 

Let A be the origin of co-ordinates, 
and AX, AY oblique axes, and PC any 
straight line whose equation is required 
to be determined. Take any point P in 
the given line, and draw PB parallel to 
AY ; then will PB be the ordinate, and 
AB the abscissa of the point P* From ® ^ 
A draw AD parallel to CP, meeting the line BP in D. De- 
note the angle PEX, or its equal DAX, by a, and the angle 
YAXbyi9. , 

Since PB is parallel to AY, the angle ADB is equal to PAY ; 
that is, equal to i3— a. 

Let AB=ar, 

BP=y, 
and AC or DP=6. 

Then, by Trigonometry, Theorem L, Art 49, 

BD : AB : : sin. a : sin. (i3--«)« 
or BD : X : : sin. a : sin. (j3^a)« 

_'_ __. sin. a 

Hence BD=x-: — 775 — r. 

sm. (i3— a) 

But BP=BD+DP. 

sin. a 

Hence v— a:-: — jz — -r+b, 

^ sm. (i3— a) 

The coefficient of x in this equation is equal to the sine of 
the angle which the line makes with the axis of X, divided by 
the sine of the angle which it makes with the axis of Y ; ami 
if we represent this factor by a, the equation may be written 

y=ax+b, 

which is of the same form as in Theorem L, but the factor a 
has a different signification. 

ON THE TRANSFORMATION OF CO-ORDINATES. 

(27.) When a line is represented by an equation in reference 
to a»y system of axes, we can always transform that equation 
into another which shall equally represent the line, but in refer- 
ence to a new system of axes chosen at pleasure. This is 
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called the transformation of co-ordinates; and may consist 
either in alterixig the relative position of the axes without 
changing the origin, or changing the origin without disturbing 
the relative position of the axes ; or we may change both the 
direction of the axes and the position of the origin. 

Proposition VIIL — Theorem. 

(28.) The formulas for passing from one system of co-ordinate 
axes to another system^ respectively parallel to the firsts are^ 

x=a+x\ 
y=b+y\ 

in which a and b are the co-ordinates of the new origin. 

Let AX, AY be the primitive axes, and Y/ /y' 
let A'X', A'Y' be the new axes to which 
it is proposed to refer the same line. 

Let the co-ordinates of the new origin 
AB, A'B be represented by a and b ; let 
the co-ordinates of any point P relative A b M 
to the primitive ax^s be x and y, and the co-ordinates of the 
same point referred to the new axes be x' and y'. Then we 
shall have 

AM=AB+BM, and PM=MM +PM'; 
that is, x=a+x'9 and y=ft+y'f 

which are the equations required. 

The new origin A' may be placed in either of the four an- 
gles of the primitive system, by attributing proper signs to a 
and b. 

Proposition IX.-— Theorem. 

(29.) The formulas for passing from a system of rectangular 
co-ordinates to an^other system also rectangular are, 

x=x' COS. a— j/ sin. a, 

y=x' sin. oL+y* cos. «, 

where a represents the angle included 

between the two axes of X. 

Let AX, AY be the primitive axes, 
and AX', AY' be the new axes, and 
let us designate the co-ordinates of the 
point P referred to the primitive ax6s 

C 
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by z and y, and its co-ordinates referred to the new axes by 
x't y'. Denote the angle XAX' by ot. Through P draw PR 
perpendicular to AX, and PR' perpendicular to AX'; draw 
R'C perpendicular, and R'B parallel to AX. 



Then 
But 
Also, 
and 
Hence 
Also, 
But 



AR=AC — CR. 

AR=a;. 

AC=AR' cos.xXAX'=a:' cos. a, 

CR=BR=PR' sin. BPR=y' sin. a. 



x=x' cos. oL—y' sin. a. 



PR=BR+PB. 

PR=y; 

BR-R'C=AR' sin. XAX'=a;' sin. a; 
and PB=PR cos. BPR'=y' cos. a. 

Hence y=a;' sin. oL+y* cos. a. 

Scholium. If the origin be changed at the same time to a ^ 
point whose co-ordinates, when referred to the primitive sys- 
tem, are a and 6, these equations will become 

x=^a+x' COS. a— y' sin. a, 
y=zb+x' sin. tt+y'cos. a. 

Proposition X.— Theorem. 

(30.) JTieformulasfor passing from a system of rectangutar^ 
to a system of oblique co-ordinates^ are, 

X=x' COS. a+y' COS. a', 

y=^x' sin. a+y' sin. a', 

where pl and «' denote the inclination of the new axes to the 
primitive axis of abscissas. 

Let AX, AY be the primitive axes, Y 
AX', AY' the new axes. Denote the 
angle XAX' by a, and the angle XAY' 
by a'. Through P draw PR parallel 
to AY, and PP' parallel to AY' ; draw, 
also, FR' parallel to AY, and P'B par- 
allel to AX. 

Then AR =AR'+R'R. 

But AR=a;, 

AR'=AP' cos. XAX'=a:' cos. a, 
and R'R=FB=PP'cos.BP'P=y'cos.«'. 

Hence ar=x' cos. a+y' cos. a'. 
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Also, PR=BR+PB. 

But PR^y, 

BR=FR'=AF sin. XAX'=x' sin. a, 
and PB=PF sin. PFB=y' sin. a'. 

Hence y=x' sin. a+y' sin. a'. 

Scholium. If the origin be changed at the same time to a 
point whose co-ordinates, referred to the primitive system, are 
a and 6, these equations will become 

a;=a+a;' COS. a+y' COS. a', 
y=6+a:' sin. a+y' sin. a'. 

Pi^oposiTioN XI. — Theorem. 

(31.) The formulas for passing from a system of rectangular 
to a system of polar co-ordinates are^ 

x=a+r COS. r, 
y=6+r sin. V, 

where r denotes the radius vector, and v the angle which it 
makes with the axis of abscissas. 

Let AX, AY be the primitive axes. A' y 
the pole, and A'D, parallel to AX, be the 
line from which the Variable angle is to be 
estimated. 

Designate the angle PA'D by v, the ra- 
dius vector A'P by r, the co-ordinates of ^ 
the point P referred to the primitive axes by x and y, and the 
co-ordinates of A' by a and Ik 

Now AR=AB+BR. 

But BR=A'D= AT cos. PA'D=r cos. v. 
Hence x=-a+r cos. v. 

Also, PR=DR+PD. 

But PD=A'P sin. PA'D=r sin. r. 
Hence y=b+r sin. v. 

Scholium. If the pole A' be placed at the origin A, these equa- 
tions will become 

x=rcos. V, 
y=r sin. v. 




8BCTI0H IT. 

t 

ON THE CIRCLE 

(82.) A CIRCLE is a plane figure bounded by a line* every 
point of which is equally distant from a point within called the 
center. This bounding line is called the circumference of the 
circle. A radius of a circle is a straight line drawn firom the 
center to the circumference. 



Peoposition L — Thkorem. 

(83.) The equation of the circle^ when the origin of co-ordi- 
nates is at the center^ is 

where R is the radius of the circle, and z and y the co-ordi- 
nates of any point of the circumference. 
Let A be the center of the circle ; it is 
required to find the equation of a curve 
such that every point of it shall be equal- 
ly distant from A* Represent this dis- 
tance by Ry and let x and y represent 
the co-ordinates of any point of the 
curve, as P. Then, by Geometry, Prop. 
,11,B*IV., 

AB*+BP=AP; 
that is, x^+ y* =R*, 

which is the equation required. 

(34.) If we wish to determine the points where the curve 
cuts the axis of X, we must make 

y=0; 

for this is the property of all points situated on the axis of ab- 
scissa9. On this supposition we have 

X=:ifcR; 

which shows that the curve cuts the axis of abscissas in tivo 
points on different sides of the origin, and at a distance firom it 
equal to the radius of the circle. 
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To determine the points where the curve cuts the axis of 
ordinatesy we make x=0, and we obtain 

y==tR; 
which shows that the curve outs the axis of ordinates in two 
points on different sides of the origin, and at a distance from it 
equal to the radius of the circle. 

(35.) If we wish to trace the curve through the intermediate 
points, we reduce the equation to the form 

Now, since every^ value of x furnishes two equal values of 
y, with contrary signs, it follows that the curve is symmetrical 
above and below the axis of X. 

If we suppose x to be positive, the values of y continually de* 
crease from a:=0, which gives y=±R, to x== +R, which gives 
y=0. 

If we make x greater than R, y becomes imaginary, which 
shows that the curve does not extend on the side of the posi« 
tive abscissas beyond the value of x=+R. 

In the same manner it may be shown that the curve does 
not extend on the side of the negative abscissas beyond the 
valueof a;=— R. 

Pkoposition II.— THBOaSM. 

(36.) The equation of the circle^ when the origin of co^ordi' 
nates is on the circumference^ is 

y*=2Ra:— ar", 

where R is the radius of the circle, and x and y the co-ordi- 
nates of any point of the circumference. 

Let the origin of co-ordinates be at A, x 
a point on the circumference of the cir- 
cle. Draw AX, the axis of abscissas, 
through the center of the circle. Let 
P be any point on the circumference, 
and draw PB perpendicular to AX. 
Denote the line AD by 2R., the distance 
AB by 07, and the perpendicular BP by y ; then BD will be 
represented by 2R— x. 

Now BF is a mean proportional between the segments AB 
and BD (Geom., Prop. 22, Cor., B. IV.) ; that is, 
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BP=ABxBD, 
or y*=a:(2R— a:)=2Rx— x*, 

which is the equation required. 

(37.) If we wish to determine where the curve cuts the axis 
of Xt we make y^O, and we obtain 

a:(2R— x)=0. 

This equation is satisfied by supposing a;=0, or 2R— x=0, 
from the last of which equations we derive a:=2R. The curve, 
therefore, cuts the axis of abscissas in two points, one at the 
origin, and the other at a distance from it equal to 2R. 

To determine where the curve cuts the axis of ordinates, we 
make 2;=0, which gives 

y=0, 

which shows that the curve meets the axis of ordinates in but 
one point, viz., the origin. 



PvoposiTioN III. — Theorem. 
(38.) The most general equation of the circle is 

(a:-a:0'+(y-y')*=R% 

where R denotes the radius of the circle, z' and y' are the co- 
ordinates of the center, and z and y the co-ordinates of any 
point of the circumference. 

Let C be the center of the circle, and Y 
assume any rectangular axes AX, AY. 
Let the co-ordinates A6» BC of the cen- 
ter be denoted by x' and y'; while the 
co-ordinates of any point P in the cir- 
cumference are denoted by x and y. 
Then, if we draw the radius CP, and A" 
CD parallel to the axis of X, we shall have 

CD=x-a;', 
and PD^y—y'. 

But CD«+PD-=CP. 

Hence we have (a?— x')'+(y— y')'=B*> 
^hich is the equation sought. 

(89.) To find the points where the curve intersects the axis 
of^, we must make y=0, which gives, 

(a:~a:')'+y''=R', 
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whence 



(a:-a:0'=R'-y'\ 



x-a;'==bVR'-y'», 



or aJ=a;'±VR'-y'% 

where we see that the values of x will become imaginary when 
y' exceeds R ; and it is evident that if the distance of the cen- 
ter of the circle from the axis of abscissas exceeds the radius 
of the circle there can be no intersection. 

To find the point where the curve intersects the axis of Y, 
we must make :r=0, which gives 

which becomes imaginary when x' exceeds R, and it is plain 
that in this case there can be no intersection. 



Proposition IV. — Theobem. 

(40.) The equation of a tangent line to the circle is 

xa;'+yy'=R\ 

where R denotes the radius of the circle) x' and y' are the co- 
ordinates of the point of contact, and 2; and y are the general 
co-ordinates of the tangent line. 

Let BC be a line touching the 
circle, whose center is A, in the 
point P. Let the co-ordinates of 
the point P be x' and y\ and draw 
the radius AP, The equation of 
the line AP, passing through the 
origin and through the point x'^ y', 
Art. 21, is 

y' 

Now a tangent is perpendicular to the radius at the point of 
contact (Geom., Prop. IX., B. III.). But the equation of a 
line passing through a given point, and perpendicular to a 
given line, Art. 25, is 

y-y'=--(a:-:r'). 

The value of a'^ taken from the equation of the radius, is 
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Hence 



,/• 



a!" y 

The equation of the tangent line is, therefore, 

Clearing of fractions and transposing, we obtain 

But since the point P is on the circumference, its co-ordinates 
must satisfy the equation of the circle ; that is. 

Hence xx'+ffy*=^R\ 

which is the equation required. 

(41.) The equation of the tangent may also be obtained, 
without emplojdng the geometrical property above referred to, 
by a method which is applicable to all curves whatever. 

Let us first consider a line BC, 
meeting the curve in two points P' 
and P" ; the co-ordinates of P' be^ 
ing represented by x', y\ and those 
of P" by «", y". The equation of 
the line BC, Art. 20, is 

and, since both the points P' and P" 
are on the circumference, we must have 

and . x"^+y"^=R\ 

Subtracting equation (3) from equation (2), we obtain 

that is, • <y'+y")(y'-y")+(«'+^'0(^'-a:'0=O. 

y'-y" x'+x" 

whence / ,, = — rr^' 

x'—x'* y +y 

Substituting this value in equation (1), we obtain 




(2) 

(3) 



y-y- 



£'+x" 

jX'^-X'). 



y'+y' 



(4) 



If now we suppose the secant BC to move toward the point 
P, the point P' will approach P" ; and when P' coincides with 
P', the secant line Will become a tangent to the circumference. 
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When this takes place, x' will equal 7^\ and y' will equal y'\ 
and the last equation becomes 

as before found. 

(42.) To determine the point in which the (angent intersects 
the axis of X, we make y=Oy which gives 



or 






To determine the point in which 
the tangent intersects the axis of Y, 
we make x^^O, which gives 

yy'=R% 



or 



pa 

^ y' 




Proposition V. — Problem. 

(43.) Qimn the base of a triangle^ and the sum of the squares 
of its sides^ to determine the triangle* 

Let AB be the base of the proposed trian- 
gle. Bisect AB in C ; draw CY perpendicu- 
lar to AB, and assume YC, CB as a system 
of rectangular axes. 

Let X and y be the co-ordinates of P, the 
vertex of the triangle, and from P let fall the 
perpendicular PD. Let a denote AC or CB, 
and put fn for the sum of the squares of the 
sides AP,BP. 

Then, by Geom., Prop. XL, B. IV., we shall have 

PD»+AD«=AP, 
and PD«+BD*=BP'; 

or y'+(a;+a)'=AP', 

and y*+(a:-a)'=BP. 

Adding these equations together, we obtain 

2y*+2a:*+2a«==AP+BP*=m. 
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Whence y*+a:"=~— a\ 

^ 2 

Comparing this result with Art. 33, we see that this equation 
represents a circle whose center is the origin C, and the radius 



v^ 






2 

so that if this circle be described, and lines be drawn from A 
and B to any point in its circumference, a triangle will be 
formed which satisfies the proposed conditions. 

Proposition VI. — Theorem. 

(44.) The polar equation of the circk^ when the origin is on 
the circumference^ is 

r=2R cos. V, 

where R represents the radius of the circle, r the radius vector, 
and V the variable angle. 

The equation of the circle referred to rectangular axes, when 
the origin is on the circumference, Art 36, is 

y*=2Rx-a;*. (1) 

Let A be the position of the pole, y 
and AX the line from which the varia- 
ble angle is estimated. The formulas 
for passing from a system of rectan- 
gular to a system of polar co-ordi- 
nates, the origin remaining the same, 
Art. 31, are 

x==r COS. Vf 
y=r sin. v. 

Squaring each member of these equations, and substituting 
the values of a;', y', thus found in equation (1), we obtain 

r* sin.* v=2Rr cos. v— r* cos.* tj; 
or, by transposition, r*(sin.*t?+cos.*t?)=2Rr cos. ». 

But sin.*t>+cos.*t; is equal to unity. 
Hence r'=2Rr cos. v ; 

or, dividmg by r, we obtain 

r=2R COS. V, 
which is the polar equation of the circle. 

(45.) This equation might have been derived directly from 
the figure* Thus, by Trig., Art. 41, 
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radius : AB : : cos. BAP : AP, 
or 1 : 2R : : cos, v : r ; 

whence r^2R cos, v. 

(46.) When v=0, the cos. t)=l, aftd we have 

r=2R=AB. 

As V increases from to 90^, the radius vector determines all 
the points in the semicircumference BPA ; and when t)=90°, 
then COS. t)=0| and we have 

r=0. 

From v=270^ to v=360^, the radius vector will determine 
all the points of the semicircumference below the axis of ab- 
scissas. 




ON THE PARABOLA. 

(47.) A FAKABOLA is a plane curve, every point of which is 
[ually distant from a fixed point and a given straight tine. 

The fixed point is called the focus of the parabola, and Uie 
ven straight line ts called the directrix. 
Thus, if F be a fixed point, and BC a 
ven line, and the point P move about F S - 

such a manner that its distance from F is 
ways equal to the perpendicular distance 
crm BC, the point P will descnbe a parab- 
a of which F is the focus and BC the di- 
ctrix. 

The distance of any point of the curve " - 
om the focus, is called the radius vector 
' that point. 

(48.) From the definition of the parabola, the curve may be 
iscribed mechanically. 
Let BC be a ruler laid upon a plane, and 
t DEG be a square. Take a thread - 
[ual in length to DG, and attach one ex- . 
smity at G, and the other at some point, 

F. Then slide the side of the square 
E along the ruler BC, and at the same 
ne keep the thread continually tight by 
Bans of the pencil P ; the pencil will de- 
ribe one part of a parabola, of which F 
the focus, and BC the directrix. For in every position of 
e square, 

PF+PG=PD+PG, 
d hence PF=PD; 

at is, the point P is equally distant from the focus F and the 
rectrix BC. 
If the square be turned over and moved on the other side of 
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the point F, the other part of the same parabola may be de- 
scribed. 

(49.) A diameter is a straight line drawn through any point 
of the curve perpendicular to the directrix. The vertex of the 
diameter is the point in which it cuts the curre. 

The axis of the parabola is the diameter which passes 
through the focus. 

The parameter of a diameter is the double ordinate which 
passes through the focus. 

PEOPOsmoN I.*— Theorem. 

(50.) The equation of the parabola^ referred to rectangular 
axes whose origin is at the vertex of the axiSf is 

where x and y are the general co-ordinates of the curve, and 
2p is the parameter of the axis* 

Let F be the focus, and DC the di- 
rectrix. Take AX as the axis of ab- 
scissas, and let the origin be placed at A, 
the middle point of BF. Represent BF 

P 
by /), whence AF will equal ^. Let x 

and y be the co-ordinates of any point P 
in the curve, and represent FP by r. 
By the definition of the curve, 




Also, 
But 
that is. 



PF=PD=AR+AB=a:-h^. 
FR=a;-.£. 

2 

PR'+PR*=PP ; 



Whence, by expanding, we obtain 

y^—2px. 

(51.) Cor. L If we make 2;=0, we have 

y=o, 

which shows that the curve passes through the origin A* 

P 
If we make x=^, we shall have 
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y'=^p\ 



or y=p ; 

whence 2y=2p ; 

that is, the constant quantity 2p, called the parameter, is equal 
to the double ordinate through the focus, conformably to the 
definition. Art. 49. 

Cor. 2. From the equation of the parabola we obtain 

y=±V2pa;, 
which shows that for every value of x there will be two equal 
values of y, with contrary signs. Hence the curve is sym- 
metrical with respect to the axis of X. 

Cor, 3. If we convert the equation ^=2px into a propor- 
tion, we shall have 

xiy :iy i2p; 

that is, the parameter of the axis is a third proportional to any 
abscissa and its corresponding ordinate. 

Cor. 4. The squares of ordinates to the axis are to each other 
as their corresponding abscissas. 

Designate any two ordinates by y', y", and the correspond- 
ing abscissas by x\ x'\ then we shall have 

y'«=2px', 
and y"*=^2px". 

Hence y" : y"* : : 2px' : 2px" iix' i x'i. 

Proposition II. — Theorem. 

(52.) The equation of a tangent line to the parabola is 

yy'=p{x+x% 

where x'y y' are the co-ordinates of the point of contact, and p 
is half the parameter of the axis. 

Draw any line P'P", cutting the 
parabola in the points P', P" ; if this 
line be moved toward P, it will ap- 
proach the position of the tangent, 
and the secant will become a tangent 
when the points P', P" coincide. 

Let x\ y' be the co-ordinates of the 
point P', and x"y y" the co-ordinates 
of the point P''. The equation of the line passing through 
these two points. Art. 20, will be 
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Since the points P^ P" are on the curve, we shall have 

y^ =2px', (2) 

y'^=2px". (3) 

These three equations express three conditions which the 
secant line must fulfill, and if we combine them in one we shall 
obtain a single equation from which two of the unknown quan- 
tities have been eliminated ; and we are at liberty to combine 
them together, because each of these equations must be satis- 
fied at the same time. 

Subtracting equation (3) from (2), we have 

y'«-y"«=2;>(x'-x'0. 

Whence y:zy!_^P_ 

wnence x'-x"^y'+y"' 

Substituting this value in equation (1), the equation of the 
secant line becomes 

y-y-^(^-«'). (4) 

The secant will become a tangent when the points P', P' 
coincide, in which case 

x^=x" and y'=y". 

Equation (4) in this case becomes 

which is the equation of a tangent to the parabola at the point 
P. If we clear this equation of fractions, we have 

yy' --y'^-px—px' . 

But y'*=2px'. 

Hence yy' =px^px* +2pa:', 

or yy'=/>(a;+a:'). 

(53.) Definition. A subtangent is that part of a diameter 
intercepted between a tangent and ordinate to the point of 
contact. 

Cor. 1. To find the point in which the tangent intersects the 
axis of abscissas, make y=0 in the equation of the tangent, 
and we have 

0==p{x+x') ; 
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that is, a:=— z', 

or AR=-AT; 

that is, the svbtangent %$ bisected at the vertex 

Cor. 2. This property enables us to 
draw a tangent to the curve through a 
given point. Let P be the given point; 
from P draw PR perpendicular to the 
axis, and make AT=AR. Draw a line x 
through P and T, and it will be a tan- 
gent to the parabola at P. 

Cor. 3. In the equation 

P 

^ represents the trigonometrical tangent of the angle which 

the tangent line makes with the axis of the parabola* 
(54.) DEFiNrrioNs. A normal is a line drawn perpendicular 

to a tangent from the point of contact, and terminated by the 

axis. 
A subnormal is the part of the axis intercepted between the 

normal and the corresponding ordinate. 




Proposition III. — Theorem. 
(55.) The equation of a normal line to the parabola is 

y-y'="(^"^'). 

where x', y' are the co-ordinates of the point of intersection 
with the curve. 

The equation of a straight line 
passing through the point whose co- 
ordinates are x'^ y', Art. 18, is 

y-y'=a(a:-a;'); (1) 

and, since the normal line is per- T* 
pendicular to the tangent, we shall 
have, Art. 23, 

I 

a= — J. 
a' 

But we have found for the tangent line, Prop. 11., Cor. 3, 
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a— ,• ' 

y 
«/ 

Hence 0*=——. 

P \ 

Substituting this value in equation (1), we shall have for the 
equation of the normal line . 

(56.) Cor. To find the point in which the normal intersects 
the axis of abscissas, make y=0 iti equation (2), and we have, 
after reduction, .. . < 

But z is equal to the distance AN, and z' to AR ; hence 
x^x^=p is equal to RN ; that is, the subnormal U constant^ and 
equal to half the parameter of the axis. , 

Proposition IV. — Theorem. 

• • • ♦ 

(57.) The normalf at any point of the parabola^ bisects the an- 
gle made by the radios vector and the diameter passing through 
that point. 

Let PT be a tangent to a parabolfi, 
PF the radius vector, PN the normal, 
and PB the diameter to the point P ; 
the normal PN bisects the angle BPF. 
Let x' represent the abscissa of the 
point P. 

Now FN=AR+RN-AF. 

But AR=x', RN=p, and AF-^. 





P^X^'^^ 


^ 


^/y\ B 


T 


aI F B. - IT 



Hence 

r 

But in Prop. I. we found 



PN=a:'+;i-|=a?'+|. 



FP=a:'+|. 

Hence FN=FP. 

Therefore tne angle FPN=FNP=the alternate angle BPN. 



(58.) Cor. 



FR=:AR-AF=a:'-|. 



Bat TB=2a:', Prop. II., Cor. 1. 

D 
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Hence TF=TR-FR=a:'+-^=PP ; 

that is, if a tangent to the parabola cut the axis produced^ the 
points of contact and of intersection are equally distant from 
the focus. 

PROPOSITION V. — THBomsv. 

(59.) If a perpendicular be drawn from the focus to any tan^ 
gent^ the perpendicular will be a meant proportional between the 
distances of the focus from the vertex and from the point of 
contact. 

Let FB be a perpendicular drawn ^^ 

from the focus to the tangent PT. Join ^^C^^ 

AB, and draw the ordinate PR. 5<^^V^ 

Since FT is equafto FP (Prop. IV., ^^.^^^f^ \ 
Cor.), and FB is drawn perpendicular x aTt £ 
to PT, PB is equal to BT. But RA is ^v 

equal to AT, Prop. II., Cor. 1 ; hence ^s^^^^ 

TB : BP : : TA : AR, ^""^^ 

and therefore AB is parallel to PR. But PR is perpendicular 
to the axis ; hence AB is perpendicular to TF ; and therefore, 
by similar triangles^ FAB, FBT, we have 

FA : FB : : FB : FT or FP. 

Proposition VI. — Theorem. 

(00.) The equation of theparabola referred to a tangent Kne, 
and the diameter passing through the point of contact^ the origin 
being the point of conXacU is 

where 2p' is the parameter of the diameter passing through 

the origin. 
The formulas for passing from rectangular to oblique axes 

are (Art. 30, SchoL), 

a:=a+x' cos. a+y' COS. a', (1) 

y— fe+a;' sin. a+y' sin. a'. (2) 

Siiiee the new origin is to be on the curve, its co-ordinates 
most satisfy the equation of the curve ; that is, 

6*=2pa, whence a^-—. 
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Also, since every diameter is parallel to the axis, we must 
have 

a=0; 
whence sin. a:=0, and cos. a=l. 

And, since the tangent of the angle which a tangent line makes 

P 
with the ftxt« of the parabola (Prop. II., Cor. 3) is ^, we must 

have 

p p , sin. a' 

^ or -f =tang. *'= : ; 

y' 6 ° cos. a' 

, '6 sin. a' 
whence cos. a'= . 

P 

Making these substitutions, formulae 

(1) and (2) become 

V , by* sin. «' 

2p P 

and - y=6+y' sin. a'. 

Substituting these values in the gen 
eral equation of the parabola 

y"=2px, 
we have 

y +26y' sin. a'+y" sin.* a! -V +2pz' +2hy' sin. «' ; 
or y" sin.* a'=2pa:' ; 

whence y= 't , ,. 

^ sm. a' 




If we put y= . , , , and omit the accents of the variables 



, — p 

we shall have 

y'=2p'x, 

which is the equation required ; where Up' is called the pa- 
rameter of the diameter A'X'. See Art. 63. 

(61.) Cor. The squares of ordinates to any diameter are to 
each other as their corresponding abscissas. 

Designate any two ordinates by y', y'', and the correspond- 
ing abscissas by a;', x", we shall have 

y'^-2p'x\ 
and y'"=2pV. 

Hence y'* : y"' : ' 2p'a;' : 2p'x" :: x' : x". 
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Proposition VIL — Theorem. 

(62.) The parameter of any diameter is equal to four times 
the distance from the vertex of that diameter to the focus. 

We have from the last Proposition, 

/>_^8in. a' 

whence b sin. a =p cos. a\ 
and 6* sin.' a'=p" cos." a', 

=^'(1— 8in.*a'), 

=p^—p^ sin.* a\ 

«• 
Therefore sin.' a' =13^7—5. 

But &'=2ap, from the equation of the carve. 

Hence sin.* a'=-— 2-— j=--^. 

2ap+p^ 2a+p 

Now />' was taken equal to . , ^ (Art dO). 

Hence 

and 




p'=2a+p, 
2p'=4(a+0 



But fl+^ IS equal to A'P (Prop. I.). 

Hence 2;i'» or the parameter of the diameter A'X^ is equal 
to 4A'F. 

(63.) Scholium. If through the focus 
F the line BD be drawn parallel to the 
tangent TA\ then calling a; and y the 
co-ordinates of the point D, -^^ ^^ X 

a:= A'C=TF= A'F (Prop. IV., Cor.), 




=1 (Prop. VIL). 
But, by Prop. VI., y*=:2p'a:. 
Hence y«=2p'x^=/*, 

or - y—p\ 

and 2y=2p'; 

that is, the quantity 2p', which has been called the parameter 
of the diameter A'X', is equal to the double ordinate passing 
through the focus, conformably to the definition. Art. 49^ 
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. Pboposition VIII. — Theobeh. 

(64.) The polar equation of the parabola^ the pole being at 
thefocuSf is 

P 

r=- — ' 



1 + COS. V 

where/) represents half the parameter, and v is the angle which 
the radius vector makes with the axis. 

We have found the distance of any point 
of the parabola from the focus. Prop. I., to be 

r=FP=a:+|, 

where the abscissa x is reckoned from the 
vertex A. In order to transfer the origin 

from A to P> we must substitute for ar, xf+^; 

whence r^z'+p. • 

If we represent the angle PFA by v, we shall have (Trig., 
Art 41) 

x'=— rcos. v; 
whence r=p'-r cos. v, ' 




or 



P_ 



r= 



1+cos. t)' 

where the angle v is estimated from the vertex A toward the 
right. 

Proposition IX. — Theorem. 

(65.) The area of any segment of a parabola is equal to two 
thirds of the rectangle described on its abscissa and ordinate* 

Let APR be a segment of a parab- ^ 
ola bounded by the axis AR and the _ 
ordinate PR. Complete the rect* j^ 



angle AMPR ; then will the parab- w^^ 
olic segment APR be two thirds of f 
the rectangle AMPR. 

Inscribe in the parabola a polygon 
PPT". . . AR, and through the points 
Pf F, P", etc., draw parallels to AR 
and PR, forming the interior rectan- 




BTK' Bf 



& 
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gles P'R, P"R\ etc., and the corresponding exterior rectangles 
FM, P'<M', etc. Designate the former by P, F, P", etc. ; the 
latter, by /», p', p", etc., and the corresponding co-ordinates by 
^» y> ^'» y'7 etc., we shall then have 

FR=FR'XR'R, 

or P=y'(a:— x'). 

Also, FM=FM'xMM', 

or p=^x'(y--y*) ; 

which gives -=37 h (1) 

But, since the points P, P', etc., are on the curve, we have 

whence x^x'= ^ , and x'=^. 

Substituting these values in equation (I), we obtain 

• ? y'"(y-y') y' y'' 

In the same manner we find 

P' , y' 

J?' , y"' 

P// y// 

^=l+^.»etc. 

If, now, we suppose the vertices of the polygons P, P', P", 
etc., to be so placed that the ordinates shall be in geometrical 
progression, we shall have 

y_y'_y" , 
y' y" y" 

so that each interior rectangle has to its corresponding extenor 
rectangle the ratio of 1+-^ to 1. 

y 

Therefore, by composition, 

P4-F+F^+, etc., y 

/>+p'+y +, etc., ~~ y'' 
that is, the sum pf all the interior rectangles is to the sum of 

all the exterior rectangles as l+~ to 1. 

The nearer the points P, P', P" are taken to each other, the 
nearer does the sum of the interior rectangles approach to the 
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y 

area of the parabolic segment, and the ratio -^ approaches to 

a ratio of equality. Hence, designating the area APR by S, 
and the area AMP by 5, we have 

-=1+1=2. 

s 

S+* „ 
or =8 ; 

2 

whence S=^S+«). 

But S+^ is equal to the area of the rectangle AMPR ; hence # 
the parabolic segment is two thirds of the area of the circum- 
scribing rectangle. 



lICTItl TL 



(^.) Am eZ'^m 3f m ziaae cirre a vHch tltt mn <»f the 
of cacr poin ^:ci rvo £xcd pxcts is equal to a 

the A 




Tfcoi, if F 2sd P are tw^ fixed 
prints, afid if the pc^::! P ZDores aMd 
F m such a icanoer that the sum of its 
distances from F a&d F k always the 
same, the point P w:!! describe an el- 
lipse, of which F acd P are the ibcL 
The distance of the point P from either 
focus is called the radius rector. 

(07.) From the definitien of an ellipse, the cnrve may be de- 
scribed mechanically. Thus, take a thread longer than the 
distance FF', and fasten one of its extremities at F, the other at 
F'. Then let a pencil be made to glide along the thread, so as 
to keep it always stretched ; the conre described by the point 
of the pencil will be an ellipse. 

The center of the ellipse is the middle point of the straight 
line joining the foci. 

A diameter is a straight line drawn through the center and 
terminated both ways by the curve. 

The major axis is the diameter which passes through the 
foci* The minor axis is the diameter which is perpendicular 
to the major axis. 

The parameter of the major axis is the double ordinate which 
passes through one of the foci. 

PaopoBiTioN I. — Thkorem. 

(68.) The equation of the ellipse^ referred to its center and 
azeSf is 

Ay+BV=A«BN 

where A and B represent the semi-axesy and x and y the gen- 
eral co-ordinates of the curve. 
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Let F and F^ be the foci, and 
draw the rectangular axes CX, 
CY, the origin C being placed 
at the middle of FF'. Let P 
be any point of the curve, and ^ 
draw PR perpendicular to CX, 
Let the sum of the distances of 
the point P from the foci be 
represented by 2A. Denote the distance CF or CF' by c ; 
FP by r, and F'P by r' ; and let x and y represent the co-or- 
dinates of the point P. 

Then, since FP?=PR'+RP, 

we have r'=y'+(a?— c)\ (1) 

Also, PF"=PR'+RF*; 

that is, r"=y'+(a:+c)". (2) 

Adding equations (I) and (2), we obtain 

r»+r'*=2(y*+x*+c') ; (8) 

and, subtracting equation (1) from (2), we obtain 

r'*— r"=4cx, 

which may be put under the form 

(r'+r)(r'-r)=4ca:. (4) 

But we have, from the definition of the ellipse, 

r'+r=2A. 

Substituting this value in equation (4), we obtain 

2cx 

Combining the last two equations, we find 

ex 



and 



r'=A+ 



r==A 



A' 

ex 



A* 



(6) 



Squaring these values, and substituting them in equation (3), 
we obtain 



cV 



which may be reduced to : 

Ay + (A*-cV= A*(A*-0, 
which is the equation of the ellipse. 



(7) 
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This equation may, boweTer» be pat mder a more conven- 
ient form. Represent the line 
BCbyB. In the two right-an- 
gled triangles BCF, BCF', CF 
is equal to CF', and BC is com- 
mon to both triangles ; hence -^ 
BF is equal to BF. But BF 
+BF, by the definition of the 
ellipse, is equal to 2A ; conse- 
quently BF is equal to A. 

Now BC'=BP-FC* : 

that is, B'=A*-c*. (8) 

Substituting this value in equation (7), we obtain 

Ay+B*z'=A'B', 

which is the equation required. 

(69.) Scholium. Transposing, and dividing by A*, this equa- 

B' 

tion reduces to y*=-j^(A'— x"). 

Cor. 1. To determine where the curve intersects the axis 
of abscissas, make y=0 in the equation of the ellipse, and we 
obtain 

a:=±A=CA or CA', 

which shows that the curve cuts the axis of X in two points, 
A and A', at the same distance from the origin, the one being 
to the right, the other to the left ; and, since 2CA or AA' is 
equal to 2 A, it follows that the sum ofijie two lines^ drawn from 
any point of an ellipse to thefoci^ is equal to the major axis. 

Cor. 2. If we make x=0, in the equation of the ellipse, w^e 
obtain 

y=±B=CBor.CB', 

which shows tnat the curve cuts the axis of Y in two points, 
B and B', at the same distance from the origin. 

Cor. 3. When B is made equal to A, the equation of the 
ellipse becomes 

y«+a;*==A', 

which is the equation of a circle ; hence the ellipse becomes a 
circle when its axes are made equal to each other* 

Cor. 4. Since BF or BF' is equal to A, it follows that the 
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distance from either focus to the extremity of the minor axis, is 
equal to half the major axis* 

Cor. 5. According to the Scholium^ Art, 69* 

Suppose or— c, or CF, then 

B' 

But by Art. 68, Equation (8), 

A'-c'^B\ 

B* 
Hence y'=TJ^^'' 

or A : B : : B : y, 

and 2 A : 2B : : 2B : 2y. 

But 2y represents the double ordinate drawn through the 
focusy and is called the parameter, Art. 67 ; hence the parame- 
ter is a third proportional to the major and minor axes. 

Cor. 6. The quantity 7-, or the distance from the center to 

either focus, divided by the semi-major axis, is called the eccen- 
tricity of the ellipse. If we represent the eccentricity by e, 
then 

But we have seen that c*=A"— B\ 

Hence A'-B*=AV, 

B' 
or A^'^^"'^'- 

Making this substitution, the equation of the ellipse becomes 

y*=(l-e«)(A'-a:'). 

Cor. 7. Equations (5) and (6) of the preceding Proposition 
are 

ex 

Substituting e for -r-9 these equations become 



AVALTTICAL GlOMBTKT. 

f'=A+€X, 

r=A- 



which equations represent the distance of any pobt of the d- 
lipse firom either focus. 

Multiplying these valoes together, we obtain 

which is the yalue of the {RX>dact of the focal distances. 

PaoPosrrioN IL — ^Thsoebii. 

(70.) The equation of the elKp$e^ whom the origin is at the 
vertex of the major axis, is 

B* 
y»=^.(2Ax-aO, 

where A and B represent the semi-axes, and x and y the gen- 
eral co-ordinates of the curve. 

The equation of the ellipse, when x 
the origin is at the center, is 

Ay+BV^A*B\ (1) 

If the origin is placed at A', the ^ 
ordinates will have the same value \^ C b. 

as when the origin was at the center, 
but the abscissas will be difierent 

If we represent the abscissas reckoned from A' by x', then 
it is plain that we shall have 

CR=A'R-A'C, 

or x=x'^A. 

Substituting this value of x in equation (I), we have 

Ay+BV-2ABV=0, 
which may be put under the form 

or, omitting the accents, 

y'=|i(2Ai:-a:«), 

which is the equation of the ellipse referred to the vertex of 
the major axis as the origin of co-ordinates. 




V 
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Proposition III. — Theorem. 

(71.) 7%e square of any ordinate is to the product of the 
parts into which it divides the major axiSj as the square of the 
minor axis is to the square of the major axis. 

The equation of the ellipse, re- 
ferred to the vertex A' as the origin 
of co-ordinates, is. Art 70, 

B* 
y*=-j;(2A-z)z. 

This equation may be resolved 
into the proportion 

y* : (2A-x)x : : B* : A*. 

Now 2A represents the major axis AA', and, since x repre* 
sents A'R, 2A— x will represent AR ; therefore {2A—x)x rep- 
resents the product of the parts into which the major axis is 
divided by the ordinate PR. 

Cor. It is evident that the squares of any two ordinates are 
as the products of the parts into which they divide the major 
axis. 

Scholium. It may be proved in a similar manner that the 
squares of ordinates to the minor axis are to each other as the 
products of the parts into which they divide the minor axis. 



Proposition FV. — ^Theorem. 

(72.) If a circkbe described on the major axis of an ellipse^ 
then any ordinate in the circle is to the corresponding ordinate 
in the ellipsCf as the major axis is to the minor axis. 

If we represent the ordinate PR 
in the ellipse by y\ and the ordinate 
P'R in the circle corresponding to 
the same abscissa A'R by Y', the 
equation of the ellipse will give us, 
by Art. 69, 

y=;~(A*-a:«), 

and the equation of the circle will 
f^ve, Art 33, 

y=(A*-x"). 
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CombiniDg then two equations, we have 



Y'; 

whence we derive the proportion 

Y' : y : : A : B : : 2A : 2B. 

^73.) Cor. la the same manner, it may be proved that if a 
uircle be described od the minor axis of an ellipse, any ordinate 
drawn to the conjugate axis ia to the corresponding ordinate in 
the circle, as the major axis is to the minor axis. 

If we represent the ordinate PR in 
the cllipso by x', and the correspond- 
ing ordinate P'R in the circle by X', 
we shall have, Prop. III., Schol., 

and X"=B'— y'. 

Combining these two equations, we have 




x.=4x. 



whenca we derive the proportioa 

T' : X' : : A : : B : : 2A : aB. 



PROPOSITION V. — Theobem. 
(74.) fctfry diameter of an elUpte ia bisected at the center. 
Let PP be any diameter of an 
tttlinsa. Let r'. u' be the co-on)i< 
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whence 



y"*~A'-x"*' 
But from the simiiarrty of the triantcles PCR, P'CR', we have 

y" ■ 



.// » 



whence 



./« 



.//< 



A'-a;" 



«■'- A*-a: 
Clearing of fractions, we obtain 



//!• 



whence, also, 

Ccmsequently, 

or 

that is, . 






y 

CP 
CP=CF. 



CF'; 




Propositioh VI. — Theorem. 

(76.) The product of the tangents of the two angles, formed by 
Knes drawn from the vertices of the major axis to meet ifi the 
curve, is negative, and equal to the square of the ratio of the 
semUaxes. 

The equation of the line AF, 
passing through the point A, 
whose co-ordinates are 2^=A, 
3^=0, Art. 18, is 

y=a{x-A). 

The equation of AT, passing 
through the point A', whose co- 
ordinates are a:"=— A, y"=0, Art^ 18, is 

y=a'(a:+A). 

Since these lines are required to intersect on the circum- 
ference of the ellipse, these two equations must not only exirt 
at the same time, but also with the equation of the ellipse 
Multiplying the two equations together, we obtain 

y"=aa'(a:'-A»); 

and, since these lines intersect on the ellipse, we must have 

y'=|i(A'-x').or-^(x'-A') 
Comparing these two equations, we perceive that 
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— A« 

(76.) ScHouini. Two lines ^riiich are drmwn firom the nme 
point of a cnrre to the extremities of a diameter, are caUed Jip> 
plemenlanf chords. 

Cor. In the circle, which may be coondeied an ellipse 
whose two axes aie equal to each other, we have 

aa'=-l, 

which ohows that the sapplemmtary chords are perpaidicolar 
to each other (Art 24). 

Peopositiom VIL — Thsoekm. 
(77.) The equation of a sh-aightKme which touches am eBqf fit is 

where z and y are the general co-ordinates of the tangent 
line, z' and y* the co-ordinates of the point of contact 

Draw any line, P'P", catting 
the ellipse in the points P^ P" ; if 
this line be moved toward P, it 
will approach the tangent, and 
the secant will become a tangent 
when the points P', P" coincide. 

Let x'f y* be the co-ordinates 
of the point F, and x", y" the co-ordinates of the point P'. 
The equation of the line P'P", passing through these two points, 
Art. 80, will be 

Since the points P', P'' are on the curve, we shall have 
, Ay+BV=A'B% (2) 

and Ay+BV=A'B*. (3) 

Subtracting equation (3) from (2), we have 

A»(y'«-y"*) +B'(a:'*-a:"0=Q, 
or A*(y'-y") (y'+y")=-B*(a:'-a:") (a:'+a:"). 

Whence y^ZVl^ ^^{"^l^ 

wnence a;'-x" A'Vy'+y"/ 

Substituting this value in equation (1), the equation of the 
secant line becomes 
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y-y'^-j;:^:f^X^-^^ (4) 

The secant FT'' will become a tangent when the points P', 
P'' coincide, in which case 

x'=:fc" and y'=y". 
Equation (4), in this case, becomes 

which is the equation of a tangent to the ellipse at the point P. 
If we clear this equation of fractions, we have 

A'yy'- Ay = -B'xx'+BV, 
or A"yy'+B«a»:'=Ay*+BV; 

hence ' A"yy'+B'«»'=A'B% 

which is the most simple form of the equation of a tangent line. 
(78.) Cor. L In the equation 

B'x' 

B'x' 

—J-,-; represents the trigonometrical tangent of the angle 

which the tangent line makes with the major aiis. 

Cor. 2. To find the point in 

which the tangent intersects the 

axis of abscissas, make y=0 in the 

equation of the tangent, and we 

have 

A- 

a?' 
which is equal to CT. 
• If from CT we subtract CR or x\ we shall have the sub- 
tangent 

A* A"— ^« 

RT=^^x'=:^-r^. 

X' JC' 

Cor. 3. This expression for the subtangent is independent 
of the minor axis ; the subtangent is, therefore, the same for all 
ellipses having the same major axis ; it consequently belongs 
to the circle described upon the major axis. 

Cor. 4. Hence we are enabled to draw a tangent to an el- 
lipse through a given point. Let P be the given point. On 

E 
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AA' describe a circle, and 
through P draw the ordinate 
PR, and produce it to meet the 
circumference of the circle in 
F. Through F draw the tan- ^ 
gent P'T, and from T, where it 
meets the major axis produced, 
dt'aw PT ; it will be a tangent 
to the ellipse at P. 

Cor. 5. Since the co-ordinates of the point P are equal to 
those of the point P^ it follows from 
Cor. 1 that the tangents at the ex- 
tremities of a diameter make equal 
angles with the major axis, and are 
therefore parallel with each other. 

Hence, if tangents are drawn 
through' the vertices of any two di- 
ameters, they will form a parallelogram circumscribing the 
ellipse. 

PaoPOsmoN VIII. — Theorem. 
(79.) The equation of a normal line to the ellipse is 

A'v' 

where x and y are the general co-ordinates of the normal line, 
x' and y' the co-ordinates of the point of intersection with the 
ellipse. 

The equation of a straight line 
passing through the point whose 
co-ordinates are x% y'. Art. 18, is 

y-y'=a(a;-a:'); (1) 
and, since the normal line is per- 
pendicular to the tangent, we shall 
have, Art. 23, 

1 




a= 



—/,/• 



But we have found for the tangent line, Prop. VII., Cor. 1, 

B*:r' 



a'= 



Ay 
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Hence a=^. 

Substituting this value in equation (1), we shall have for the 
equation of the normal line 

(80.) Cor. I. To find the point in which the normal inter* 
sects the axis of abscissas, make y=0 in equation (2), and we 
have, after reduction, 

If we subtract this value from CR, which is represented by 
x\ we shall have the subrormal 

Tvri> , A'-B* , BV 



A* A** 

A*— B* 

Cor. 2. If we put c* for — Xi~~> Art. 69, Cor. 6, we shall have 

CN=cV. 

If to this we add F'C, which equals c or A«, Prop. I., Cor. 6, 
we have 

FN=Ae+cV=e(A+ca:0, 
which is the distance from the focus to the foot of the normal. 

Proposition IX. — Theorem. 

(81.) The normal at any point of the ellipse bisects the angh 
formed by lines drawn from that point to the foci. 

Let PT be a tangent line to an 
ellipse, and PF, PF' two lines 
drawn to the foci. Draw PN, bi- 
secting the angle FPF'. Then, 
by Geometry, Prop. XVIL, B. IV., 

FP:FP::FN:FN; 

or, by composition, 

FP+FP : : FF : : FP : FN. (1) 

But FP-fFP=2A. 

Also, FF=2c=2Ae, Prop. I., Cor. 6, 

and FP=A+e.r, Prop. I., Cor. 7. 

Making these substitutions in proportion (1), we have 
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2A:2Ac:: A+cx:F'N. 
ce F'N=«(A+cx). 

It by Prop. VIII., Cor. 2, e{A+ex) represents the diatance 

the focus F' to the foot of the normal. Hence the line 
which bisects the angle FPF', is the normal. 
2.) Cor. 1. Since PN is perpendicular to TT', and the 
B FPN is equal to the angle F'PN, therefore the angle 
' is equal to the angle F'PT' ; that is, (Ae radii vectore* are 
lly inclined to the tangent. 

Jr. 2. This proposition affords a method of drawing a tan 
line to an ellipse at agiren point of the curve. 
)t P be the given point ; draw 
■adii veotores PF, PF' ; pro- 

PF' to G, making PG equal 
F, and draw FG. DrawPT 
endicular to FG, and it will I 
le tangent required ; for the 
e FPT equals the angle GPT, 
sb equals the vertical angle F'PT'. 

Pkofobition Xi — ^Theorem. 
S.) If, through one extremity of the major axis, a chord be 
m parallel to a tangent line to the curve, the lupptementary 
i will be parallel to the diameter which passes through the 
t of contact, and conversely, 
)t DT be a tangent (o the 
le, and let the chord AF 
rawn parallel to it ; then 
A'P be parallel to the 
leter DD', which passes 
jgh the point of contact D. 
)t **, y' designate the co- 
lates of D ; the equation of the line CD will be, Art IS, 
y'=a'x'; 

ace a'=^,. 

It, by Prop. VII., Cor. 1, the tangent of the angle which 
angent line makes with the major axis, is 
B'x' 
"^-AV- 
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Multiplying together the values of « and a', we obtain 

which represents the product of the tangents of the angles 

DCT and DTC. 

But by Prop. VI. th# product of the tangents of the angles 

B* 
PA A', PA' A is equal to — -ri. 

Hence, if AP is parallel to DT, A'P will be parallel to CD, 
and conversely. 

(84.) Cor. Let Diy be 
any diameter of an ellipse, 
and DT the tangent drawn 
through its vertex, and let _ 
the chord AP be drawn 
parallel to DT; then, by 
this Proposition, the supple* 
mentary chord A'P is parallel to DD'. Let another tangent 
ET' be drawn parallel to A'P, it will also be parallel to DD'. 
Let the diameter EE' be drawn through the point of contact 
E ; then, by this Proposition, AT being parallel to T'E, AF (and, 
of course, DT) will be parallel to EE'. Each of the diameters 
DD', EE' is therefore parallel to a tangent drawn through 
the vertex of the other, and they are said to be conjugate to 
one another. 

SoHOLiVM. Two diameters of an ellipse are said to be con- 
jugate to one another, when each is parallel to a tangent line 
drawn through the vertex of the other. 

If we designate by a and a! the tangents of the angles which 
two conjugate diameters make with the major axis, then we 
must have 

I 

I 
I 

Proposition XI.^^Theorem^ 

(85.) The equation of the ellipse^ referred to its center and 
conjugate diameters^ is 

A'y+B'V=±A"B'N 

where A' and B' are semi-conjugate diameters. 
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fffoaua^ at lae eC^oe. refrrrtd b> !ti caUer and axes, 

. if 

der to p>« &wn m::ar.r:~ar lo ob'^oe ca-cHtlioates, 

in rp*Ta>. '7 the saz'je, we in:^st scbetiuile for z and y 
quatloD of ir« curre. Art. 3*3, tfic Taioes 

X^X' COS. >-~)r COS. a', 

jr=x' (in. «— jr kd. «'. 
ring lbe« Tallies of z and y, and sabstituting in the 
1 of the ellipse, we hare 
' «■ jr+2A' sin. « sin. - -ry+.t' m.' «'x^=A'B' ; (1) 

.'a'l aB'cOS.SCOe. a'. B* COS.* a| 

I the equation of the ellipse when the oblique co-«rdi- 

ake any angles ■, «* with the major axis. 

ince the new axes are conjugate diameters, we most 

Lrt.e4) 

B* 

B" 

tang. « tang. a'=-^; 

A' tang. a. tang. (i'+B'=0. 
plying by cos. a. cos. «■', 

>ering that cos. a. tang.a=siD. a, 
e A' sin. a sin. «'+B' cm. a, cos. n'=0. 
the term containing x'y' in equation (1) disappears, and 
e 

.*a'+B' cos.' (i')y"+(A'sin.* a+B' cos.' a)a;"= A'B', (2) 
H the equation of the ellipse referred to coDJugate dtani' 

this equation we make y'=0, 
1 have 

' V .^'1. . 'CD-. 

A* Sin.* a+B' COS.' « 

< make x'=0, we shall have 

A5' ^pj,, 

A* sin.' a'+B* COS.* «' 
I represent CD by A' and CE by B', equation (3) re- 
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B" A" ' 

hence A'y*+B'V=: A''B'* ; 

or» omitting the accents from x and y, 

A'y+B'V=A"B'", 
which is the equation of the ellipse referred to its center and 
conjugate diameters. 

Protosition XII. — Theorem. 

(86.) The square of any diameter is to the square of its con- 
jugate f as the rectangle of the parts into which it is divided by 
any ordinate is to the square of that ordinate. 

The equation of the ellipse, referred g^ 

to conjugate diameters, is 

A'y+B'V=A'*B'% 

which may be put under the form 

A'y=B'"(A'*-3:'). 

This equation may be reduced to the 

proportion 

A" : B" ; : A"-a:» : y\ 

or (2A')' : (SB')' : : (A'+x) (A'-x) : y\ 

Now 2A' and 2B' represent the conjugate diameters DD', 
EE' ; and, since z represents CH, A'+x will represent D'H, 
and A'— a; will represent DH ; also, GH represents y ; hence 

DD'" : EE'» : : DHx HD' : GH'. 

(87.) Cor. It is evident that the squares of any two ordi- 
nates to the same diameter, are as the products of the parts into 
which they divide that diameter. 

Scholium. The parameter of any diameter is a third propor- 
tional to that diameter and its conjugate. 

2B' 

The parameter of the major axis is equal to -j-, Art. 69, Cor. 

2A' 

5, and that of the minor axis to -r^-. 

Proposition XIII. — Theorem. 

(88.) The sum of the squares of any two conjugate diameters 
is equal to the sum of the squares of the axes. 

Let DD', EE' be any two conjugate diameters. Designate 
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■'oe "sx^ri-raiM '.if I* ij »■. y . ziit-jm of E :t t , jr , the angle 
UCA It «, a£*i -i* i=^* ECA by t^. 



tzz.z. « 







Tcfcre tatg. «>".s^. ■=^^, which eqtals — -p, be- 

DD* aitfl EE aie coE.j^.z«le diameten. Prop. X., Scbol. 

ice, by sqauiog each member oftbii eqaetion, we hare 

A» '=B*i"i'". (1) 

becaiuc the poioti D and E ere on the carve, we have 

A'y- =A'B'-B'r'. 

Ay=A"B"-B'r"'. 

Tefore, by multiplicatjon, 

Ayy"=A'B'-A'B'i"-A'B'i"+B'i"i'". (2) 

iparing equatioD (1) with equation (2), we »e that 

A'B'-A'B'i"-A'B'i"'=0 ; 

iding by A'B', we have 

A"-»"-i"'=0, 

A-=x"+x": (8) 

he same manner, we find that 

B'=y»+J^". (4) 

ice, by adding equations (3) and (4), we have 

A"+B'=i'"+y'+x""+y"'=A»+B". 

) Cor. According to this Proposition, Equation (8), 

x"=A'— a:"*. 

>, from the equation of the ellipse, Art. 68, 

Ay"=B'(A'-«"'). 

,. A" ,. 
I «"=BiJ'", 

■, A „ 

he same manner, we find 

B , 

j,'=jx". 
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PROPOSITION XlV.— Theorem. 

(9(h) If from the vertex of any diameter straight lines are 
drawn to thefoch their product is equal to the square of half the 
conjugate diameter. 

Represent the co-ordinates of the . 
point D, referred to rectangular axes, ^ 
by a:', y'. 

Then the square of the distance of 
D from the center of the ellipse is 

But from the equation of the curve, Art. 68, 




y'*=B' 



B' 



.1* 



A' 



Therefore, by substitution, 



A''=BM 



A»-B' 



./* 



A* 

=B*+e'a;", Art. 69. 

But, by Prop. XIIL, A'«+B''= A'+B*. 

Therefore, B'*=t A'-eV% 

Also, by Prop. I., Cor. 7, 

rr'=A'-eV. 
Hence rr'=B'*. 



Proposition XY. — Theorem. 

(91.) The parallelogramf formed by drawing tangents through 
the vertices of two conjugate diameters, is equal to the rectangle 
of the axes. 

Let DED'E' be a parallelo- 
gram, formed by drawing tan* 
gents to the ellipse through 
the vertices of two conjugate 
diameters DD', BE' ; its area 
is equal to AA'XBB'. 

Let the co-ordinates of D, 
referred to rectangular axes, 
be x\ y', and those of E be x'\ y". 

The triangle CDE is equal to the trapezium DEHG, dimin- 
ished by the two triangles DCG, EHC. That is, 
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m=(x-+x")(^+y")-x'y--x-Y> 

=x'y"-^x"j/', 

=^'^+y'^' by Prop. XIU., Cor., 
_BV+Ay reduciDg the fractions to a common 
A.B ' denominator, 

=^'=A.B,Art.68. 

ore the parallelogram CETD is equal to A.B ; and the 
jram DED'E' is equal to 4 A.B or 8Ax 2B= AA' X BB'. 

PSQPOSITION XVI. — ThEORBH. 

r^ polar equation of the ellipse, when the pole is at one 
i, is 

,. A(l-e-) 
I +e COS. v' 
is the radius vector, e is the eccentricity, and v is the 
ich the radius vector makes with the major axis, 
ve found tJie distance of any 
the ellipse from the focus, 
Cor. 7, to be 
r =FP =A-ex, 
r'=F'P=A+ei, I 

le abscissa x ia reckoned 
center. In order to transfer 
a from the center to the focus F, we must substitute 

x'+c; 

g Ae for c. Art 69, we have 

x=x'-i-Ae. 

represent the angle PFA by r, we shall have 

x'=r cos. V. 

x=r COS. u+Ae. 

e FP=r=A-cr cos. t.-Ae'. 

position, r(l+e cos. w)=A— Ae'=A(l— O- 




1+ec 



same manner, we t 



Mi-'-) 
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Proposition XVIL — Theoeem. 

(93.) The area of an ellipse is a mean proportional between 
the two circles described on its axes. 

Let A A' be the major axis of an 
ellipse ABA'B'. On AA', as a di- 
ameter, describe a circle ; inscribe 
in the circle any regular polygon 
AM'MA', and from the vertices M, 
M% etc., of the polygon draw per- -^j 
pendiculars to AA'. Join the points 
B, P, etc., in which the perpendic- 
ulars intersect the ellipse, and there 
will be inscribed in the ellipse a 
polygon of an equal number of sides. 

Let Y, Y' be the ordinates of the points M, M', and y, y^ the 
ordinates of the points P, B, corresponding to the same ab- 
scissas X, x\ 

Y+Y' ' 
The area of the trapezoid M'MRC= — - — {x—x'). 




The area of the trapezoid BPRC= 

BPRC y+y' 



y+y 



(a:— a:'). 



Whence 
But, by Prop. IV., 



Whence 



consequently, 



M'MRC""Y+Y* 
y A^' y A^* 

y+y _B . 

Y+Y'~A' 
BPRC B 



M'MRC A' 

In the same manner it may be proved that each of the trape- 
zoids composing the polygon inscribed in the ellipse, is to the 
corresponding trapezoid of the polygon inscribed id the circle, 
in the ratio of B to A ; hence the entire polygon inscribed in 
the ellipse, is to the polygon mscribed in the circle, in the same 
ratio. Hence, if we represent the two polygons by p and P, 
we shall have 
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) this relation is true whatever be the nomber of sides 
volygons, it will be true wheo the number of the sides is 
lely increased ; that is, it is true for the ellipse and the 
which are the limits of the surfaces of the jtolygoat. 
ire, if we represent the surfaces of the ellipse and circle 
d 8, we sbfdl have 

he area of a circle whose radius is A, is represeDted by 
ence the surface of the ellipse is 



is a mean proportional between the two circles de- 
on the axes. For the area of the circle described on 
ior axis is ttA* ; and the area of that described on the 
ixis is TtB' ; and ttAB is a mean proportional between 




IICTIII TIL 

ox THE HYPERBOLA 

(94.) Am kjfparhola is a plaae canre in which the diflmnce 
of the distances of each point from two fixed pointi is equal to 
a given line. The two fixed points axe called the foci. 

Thus, if F and P are two fixed 
points, and if the point P mores aboat 
F in such a manner that the dijferemce 
of its distances from F and F is al- 
ways the same, the point F will de- 
scribe an hyperbola, of which F and 
F' are the fod. 

If the point P mores about V in 
such a manner that PF— PP is always equal to PP-PF,the 
point P' will describe a second hyperbola similar to the first 
The two curves are called opposite hyperbolasL 

(95.) This curve may be described by continuous motion as 
follows : 

Let F and P be any two fixed 
points. Take a ruler longer than 
the distance FF', afid fiuten <Hie (^ 
its extremities at the point P. 
Take a thread shorter than the 
ruler, and fiuten (me end of it at F, 
and the other to the end M of the 
ruler. Then move the ruler MPP 
about the point F', while the thread is kept constantly stretch- 
ed by a pencil pressed against the ruler; the curve described 
by the point of the pencQ will be a portion of an hyperbola. 
For, in every position of the ruler, the difiference of the lines 
PF, PF' will be the same, viz., the difference between the 
length of the rder and the length of the string. 

If the ruler be turned, and move on the other side of the 
point F, the other part of the same hyperbola may be described. 




\ 
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2A : 2Ac : : A+rt : FN. 
F'N=e(A+ex). 
f Prop. VIII., Cor. 2, e(A+ex) represents the distance 
I focus F' to the foot of the norma). Hence the line 
:h bisects the angle FPF', is the normal. 
Cor. 1. Since PN is perpendicular to TT', and the 
PN is equal to the angle F'PN, therefore the angle 
squal to the angle F'PT' ; that is, thf radii vectoret are 
nclined to the tangent. 
I This proposition affords a method of drawing a tan 

I to an ellipse at a given point of the curve, 
be the given point ; draw 

vectores PF, PF'; pro- 
' to G, making PG equal 
id draw FG. Draw FT 
cular to FG, and it will 
ingent required ; for the 
>T equals the angle GPT. 
luals the vertical angle F'PT'. 

Fbofosition Xi — Theokeh. 
If, through one extremity of the major axis, a chord be 
araUel to a tangent lin« to the curve, the tuppkmentw^ 

II he parallel to the diameter which passes through the 
contact, and conversely, 

T be a tangent to the 
ind let the chord AF 
n parallel to it ; then 
^ be parallel to the 
■ DD', which passes 
the point of contact D, 
, y' designate the co- 
9 of D ; the equation of the line CD will be, Art 15, 
y'=a'x'; 

y Prop. YII., Cor. I, the tangent of the angle whic 
ent line makes with the major axis, is 
B'l' 
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Multiplying together the values of a and a', we obtain 

which represents the product of the tangents of the angles 
DCT and DTC. 
But by Prop. VI. th^ product of the tangents of the angles 

B' 

PA A', PA' A is equal to — ^. 

Hence, if AP is parallel to DT, AT will be parallel to CD, 
and conversely. 

(84.) Cor. Let DIV be 
any diameter of an ellipse, 
and DT the tangent drawn 
through its vertex, and let 
the chord AP be drawn 
parallel to DT; then, by 
this Proposition, the supple* 
mentary chord AT is parallel to DD'. Let another tangent 
ET' be drawn parallel to AT, it will also be parallel to DD'. 
Let the diameter EE' be drawn through the point of contact 
E ; then, by this Proposition, AT being. parallel to T'E, AP (and, 
of course, DT) will be parallel to EE'. Each of the diameters 
DD', EE' is therefore parallel to a tangent drawn through 
the vertex of the other, and they are said to be conjugate to 
one another. 

ScHOUCM. Two diameters of an ellipse are said to be con- 
jugate to one another, when each is parallel to a tangent line 
drawn through the vertex of the other. 

If we designate by a and a' the tangents of the angles which 
two conjugate diameters make with the major axis, then we 
must have 

Proposition XI.^^— Theorem* 

(85.) 7%6 equation of the ettipsef referred to its center and 
conjugate diameters, is 

A'y+B'V=±A'*B'^ 

where A' and B' are semi-conjugate diameters. 
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this case the byperbcrfa is said to be equUaUral. 
IT. 3. Since B'=c'— A', 

A'+B'=c' or CF-. 
ee that the square of the dittancefrom the center to eUhei 
t is equal to the sum of the squares of the semi-axes. 
)r. 4. According to the preceding Scholium, 

order to determine the ralue of the parameter or doable 
late through the focus, make x=c or CF ; then 

!f'=S(c"-A-). 

it we have made B'=c'— A'. 

A: B:: B: y, 
SA:3B::2B:3y; 

is, the parameter is a third proportional to lAe trannerse 
tonjugate axet. 

>r. 5. The quantity -r, or the distance from the center to 

r focus, divided by the semi-transverse axis, is caUed the 
iricity of the hyperbola. If we represent the eccentricity 
then 

-r=e, or c=Ae. 

It we have seen that 

B'=c'-A'. 
;e A'+B'=AV, 

s— • 

aking this substitution, the equation of the hyperbola be- 

» y.=(«._l)(:c'-A'). 

ir. 6. Equations (5) and (6) of the preceding Froposition 
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Substituting e for -t-» these equations become 

r'=«a:+At 

which equations represent the distance of any point 
hyperbola from either focus. 
Multiplying these values together^ we obtain 

which is the value of the product of the focal distances. 

SoHOLiuM 2. If on BB'y as a trans- 
verse axis^ opposite hyperbolas are 
described having AA' as their conju- 
gate axis, these hyperbolas are said to 
be conjugate to the former. 

The equation of the conjugate hyper- 
bolas may be found from the equation 

Ay-BV=-A"B\ 
by changing A into B and x into y. It then becomes 

BV-Ay=-A*B*, 
which is the equation of the conjugate hyperbolas. 



of thi 




PaoFOsmoN IL — Theorem. 

(99.) The equation of the hyperbola^ when the origin is at 
the vertex of the transverse axis^ is 

where A and B represent the semi-axes, and x and y the gen- 
eral co-ordinates of the curve. 

The equation of the hyperbola, when 
tfie origin is at the center, is. Art. 97, 

Ay-BV=-A-B\ (I) 

If the origin is placed at A', the or- 
dinates will have the same value as 
when the origin was at the center, but 
the abscissas will be different. 

If we represent the abscissas reckoned from A' by x\ t&en 
it is plain that we shall have 

F 
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CR=A'R-A'C, 

or a:=a:'— A. 

Substituting this value of x in equation (1), we have 

Ay-BV+3B«Ax'=0, 
which may be put under the form 

or, omitting the accents, 

y-=J!(a:'-2Aa:), 

which is the equation of the hyperbola referred to the vertex 
A' as the origin of co-ordinates. 

Proposition IIL-^Theorem. 

(100.) The square of any ordinate is to the product of its dis- 
tances from the vertices of the tranverse axis, as the square of 
the conjugate axis is to the square of the transverse axis. 

The equation of the hyperbola, re- 
ferred to the vertex A' as the origin of 
co-ordinates, is, Art 99, 

B' 

y*=Xi(^^2A)a:. 

This equation may be resolved into 
the proportion ^ 

y* : {x-2A)x : : B* : A*. 

Now 2A represents the transverse axis AA', and, since a; 
represents A'R, a;-*2A will represent AR ; therefore^ (x— 2A)a: 
represents the product of the distances from the foot of the or« 
dinate PR to the vertices of the traDsverse axis. 

, Cor. It is evident that the squares of any two ordinates are 
as the products of the parts into which they divide the trance 
verse axis produced. 

Proposition IV. — Theorem. 

(101.) Every diameter of an hyperbola is bisected at the center. 

: Let PP' b© any diameter of an hyperbola. Let x', y' be the 
co-ordinates of the point P, and ar'', y" those of the point P'. 
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Then, from the equation of the ourve^ we shall have, Art. 96, 
Scholium 1, 

r =;^^ -A"). 

y"*=J!(«"'-A*). 

y"*~x"*-A*' 
But from the similarity of the triangles FOR, P'CR', we have 



and 



Whence 







Whence 



X' 

x^ a:"-A« 



./« 



a:"- a:'"'— A** 



.//«. 



Clearing of fractions, we obtain 



Whence, also, 
Consequently, 
or 
that is, 






CP==CP'« ; 
CP =CP'. 



Proposition Y. — Thborbm. 

(102.) Tht product qfthe tangents of the two angleSf formed 
by two lines drawn from the vertices of the transverse axis to 
meet in the cUrve^ is equal to the square of the ratio of the semi- 
axes. . • 

• 

The equation of the line AP pass- 
ing through the point A, whose co- 
ordinates are x'=A, ^=0, Art. 18, is 

yz=a{x--A). 

The equation of A'P passing through 
the point A', whose co-ordinates are 
x'=—A, y'=0, Art. 18, is 

y^a'{x+A). 

Since. Aese lines are required to intersect on the curve, 
these two equations must not only exist at the same time, but 
also with the equation of the hyperbola. Multiplying the two 
equations together, we obtain 

y'=aa'(a;«-A*). 
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i, since these lUtei intersect on the hyperbola, we must 
■e, Art. 98, 

y=r:(«--A>). 

*onipanng tneM two equations, we perceive that 



jof. Id the equilateral hyperbola A=B, and we have 

ich shows that the angles formed by the supplementary 
irds, with the transverse axis on the same side, are together 
lal to a right angle. Art. 84. 

Pkoposition VI.—- Tbeoibh. 
103.) 7%e equation of a straight line which tovehes an hy- 
•bola ia 

A'yy'-BVa;'=-A'B', 
ere x and y are the general co-ordinates of the tangent line, 
and y" the co-ordinates of the point of contact. 
Draw any line P'F' cutting the hyper- 
a in the points P, F'; if this line be 
<Ted toward F U will approach the tan- 
it, and the secant will bvcome a tao- 
jt when the points P', P" coincide. 
Let x", y" he the co-ordinates of the ' 
int P', and x", y" the co-ordinates of 

I point P". The equation of the line 
?", passing through these t^o points, 

II be. Art. 80, 




y-y'-&4^('-^)- 



(0 



Since the points P', P" are on the curve, we sKaJI have, 
t97. 

AY'-BV'=-A'B*, (2) 

• Ay"-BV"=-A*B'. (S) 

Subtracting equation (3) from (2), we obtain 
A*(j/"-y"')-B'(a;"-«"')=0. 
k*(s'+y") (y'-y")-B'(a:'+a:") {x'~x")=0. 
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Whence y-y"_B'(«'+«") 

wnence x'-z" A*{y+y"y 

Substitating this value in eqaati<Hi (1), the equatidb of the 
secant line becomes 

The secant P'P' wUl become a tangent when the points P', 
¥*' coincide, in which case 

ar'^a:", and y'=ty". 
Equation (4) in this case becomes 

B*a:' 

which is the equation of a tangent to the hyperbola at the point 
P. If we clear this equaticm of fractions, we obtain 

A*yy'-Ay=B'xa:'-BV% 
or AVy'-B'xx'^-A'B', 

which is the most simple form of the equation of a tangent line, 
(104.) Cor. 1. In the equation 

BV 

YTj represents the trigonometrical tangent of the angle which 

the tangent line maizes with the transverse axis. 

Cor, 2. To find the point in which the 
tangent intersects the axis of abscissas, make 
y=0 in the equation of the tangent line, and 
we have 

A* 

which is equal to CT. 

If from CR or x' we subtract CT, we shall 
have the subtangent 




Proposition VII. — Theoesm. 
(lOS.) The equation of a normal line to ike hyperbola is 



BV 
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where x and y are the general co-ordinates of the normal line, 
and x' and y' the co-ordinates of the point of intersection with 
the curve. 

The equation of a straight line passing 
through the point whose co-ordinates are 
x\ y', Art. 18, is 

y^y'==a{x—x') ; (1) 

and, since the normal line is perpendicular c t \^ h 
to the tangent, we shall have. Art. 23, 

1 



a= 



—a 



/• 




But we have found for the tangent line, Prop. VI., Cor. 1, 

. BV 



a'^ 



Hence 



Ay 

AV 
BV 



Substituting this value in equation (1), we shall have for the 
equation of the normal line 



' AV 



(2) 



_ _ _ m 

(106.) Cor, 1. To find the point in which the normal inter- 
sects the axis of abscissas, make y=0 in equation (2), and we 
have, after reduction, 

_ If we subtract CR, which is represented by x\ we shall have 
the subnormal 

^-- A'+B' , , BV 



A' 
A'+B' 



A'* 



Cor, 2. If we put e'= — -^ — , Art. 98, Cor. 5, we shall have 

CN=;:eV. 

If to this we add F'C (see next figure), which equals c or Ae, 
Prop. I., Cor. 5, we have 

PN=Ae+eV=e(A+ea:')» 
which is the distance from the focus to the foot of the normal. 
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Proposition VIIL — Theorem. 

(107.) A tangent to the hyperbola bisects the angle contained 
by lines drawn from the point of contact to the foci. 

Let PT be a tangent line to 
the hyperbola, and PF, PP' two 
lines drawn to the foci. Produce 
FP to M, and draw PN bisect- 
ing the exterior angle FPM. 

Then, by Geom., Prop. XVII., 
SchoL, B. IV., 

FP : FP : : F'N : FN ; 

or, by division, 




F'P : F'N. 



0) 



FP-FP : : FF : 
But FP-FP=2A, 

FF=!?c =2Ae, Prop. I., Cor. 5, 
and FP=A +car, Prop. I., Cor. 6. 

Making these substitutions in proportion (1), we have 

2A : 2Ae : : A+ea: : FN. 

Hence FN=c(A+cr). 

But, by Prop. VII., Cor. 2, e{K+ex) represents the distance 
from the focus F' to the foot of the normal. Hence the line 
PN, which bisects the angle FPM, is the normal ; that is, it is 
perpendicular to the tangent TT'. Now, since PN is perpen- 
dicular to TT', and the angle FPN is equal to the angle MPN, 
therefore the angle FPT is equal to MPT', or its vertical angle 
FPT ; that is, the tangent PT bisects the angle FPF. 

(108.) Cor. 1. The normal line PN bisects the exterior an- 
gle FPM, formed by two lines drawn to the foci. 

Cor. 2. This Proposition affords a method of drawing a tan- 
gent line to an hyperbola at a given 
point of the curve. 

Let P be the given point ; draw 
the radius vectors PF, PF'. On 
PF' take PG equal to PF, and draw 
F6. Draw PT perpendicular to 
F6, and it will be the tangent re- 
quired, for it bisects the angle 
FPF. 
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Peoposition IX,-*-Theobem. 

(109.) If through one extremity of the transverte axis^ a chord 
he drawn parallel to a tangent line to the curve^ the supplement-^ 
(try chord will be parallel to the diameter which passes through 
the point of contact, and conversely. 

Let DT be a tangent to the hy- 
perbola, and let a chord AP be 
drawn parallel to it ; then will A'P 
be parallel to the diameter DD' 
which passes through the point of 
contact D. 

Let x^f y* designate the co-ordi- 
nates of D ; the equation of the line 
CD will be, Art. 16, 




whence 



y'=a'x' ; 



./• 



But, by Prop. VL, Cor. 1, the tangent of the angle which the 
tangent line makes with the transverse axis, is 

BV 



a= 



Ay- 



Multiplying together the values of a and a', we obtain 

^=A- 
which represents the product of the tangents of the angle . 
DCT and DTC. But, by Prop. V., the product of the tangenli 

B' 

of the angles PAA', PA'A is also equal to -j^. 

Hence, if AP is parallel to DT, A'P will be parallel to CD, 
and conversely. 

(110.) Let DD' be any diameter 
of an hyperbola, and DT the tan- 
gent drawn through its vertex, and 
let the chord AP be drawn parallel 
to DT ; then, by this Proposition, 
the supplementary chord A'P is par- 
allel to DD'. Let another tangent 
ET' be drawn to the conjugate hy* 
perbola parallel to A'P, it will also 
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be parallel to DD'. Let the diameter EE' be drawn through 
the point of contact E ; then, by this Proposition, AT being 
parallel to T'E, AP (and, of course, DT) will be parallel to 
EE'. Each of the diameters DD', EE' is, therefore, parallel 
to a tangent drawn through the vertex of the other, and they 
are said to be conjugate to one another. 

Scholium. Two diameters of an hyperbola are said to be 
conjugate to one another, when each is parallel to a tangent 
line drawn through the vertex of the other. 

If we designate by a and a' the tangents of the angles which 
two conjugate diameters make with the transverse axis, then 
we must have 

B| 

A'* 



aa*= 



Proposition X. — Thbobbm. 

(111.) The equation of the hyperbola^ referred to its center 
and conjugate diameters^ is 

A'y-B'V=-A''B'% 

where A' and B' are semi-conjugate diameters. 

The equation of the hyperbola, referred to its center and 
axes. Art. 97, is 

Ay-BV=-A'B\ 

In order to pass from rectangular to oblique co-ordinates, 
the origin remaining the same, we must substitute for x and y, 
in the equation of the curve, Art. 80, the values 

x=J?' cos. a+y' cos. a', 
y=x' sin. a+y' sin. a'. 

Squaring these values of x and y, and substituting in the 
equation of the hyperbola, we have 



A* sin.* a' 
-B"cos.*a' 



j^'+2A' sin. a sin. a' 
— 2B* cos. a COS. a' 



x'y'+A* sin." a 

— B"C0B."a 



a;«=-A*B% 

(1) 

which is the equation of the hyperbola when the oblique co- 
ordinates make any angles a, a' with the transverse axis. 

But since the new axes are conjugate diameters, we must 
have. Art. 110, 

B* 



a«'=^, 
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B' 

)r taag. « tang. » =Ti' 

Whence A' tang. « tang. «'— B'=0, 

Multiplying by cos. a cos, a.', 

-emembering that cos. a tang. t(=sin. a, 
ae have A' sin. » sin. o'— B' coa. a cos, «'=0. 
tience the term containing x'y' in equation (1) disappears, and 
ffe have 

( A' sin. V -B'coB.' «')y" + (A* sin." a- B' coa.' a)x''= - A'B', (3) 
>rhich is the equation of the hyperbola referred to conjugate 
liameters. 

If in this equation we make ^=0, 
ife shall have 

,,., . -a-b; _ ^cp. 

A sin.' a— B' cos.' a 
If we make x'=0, we shall have 
' .. -A'B' 



A' sin.' a,'— B 



=CE'. 




If CD* is positive, CE' must be negative. 

For when CD' ia positive, the numerator of the above ex- 
pression for its value being negative, its denominator must be 
legative ; that is, 

A' sin.* a<B' COS.' a, 

>r tang. «'<-r.- Trig., Art 88. 

But tang.' « tang.' '«'=tt» Art. 1 10. 

Senoe tang.* «'>-r^. 

)r A' sin.' b'>B' cos.* a.' ; 

hat is, the denominator of the expression for CE' is positive ; 
lence, since its numerator is negative, CE* must be negative. 
If we represent CD' by A", and CE' by — B", equation (2) 
•educes to 

lence A'*y" - B'*x"= - A"B" ; 

>i, omitting the accents from x and y, 
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A'y-B'V=-A'"B'% 

which is the equation of the hyperbola referred to its center 
and conjugate diameters. 

Propobitioit XL — ^Theoebm. 

(112.) The square of any diameter is to the square of its con- 
jugate f as the rectangk of the segments from the vertices of the 
diameter to the foot cfany ordinate^ is to the square of that or- 
dinate. . 

The equation of the hyperbola, re- 
ferred to conjugate diameters. Art. 
Ill, is 

A'y-B'*a:'=-A'*B'*, 

which may be put under the form 

A'y=B'*(«*~A"). 
This equation may be reduced to 
the proportion 

A" : B" : : x'-A'* : y", 
or (2A0' : (2B')' : : (x+A') (x- A') : y*. 

Now 2A' and 2B' represent the conjugate diameters DD^ 
E£' ; and, since x represents CH, x+ A' will represent D'H, 
and X— A' will represent DH ; also, GH represents y* ; hence 

DD'« : EE" : : DH X HD' : GH*. 

(113.) Cor. It is evident that the squares of any two ordinates 
to the same diameter, are as the rectangles of the correspond- 
ing segments from the vertices of the diameter to the foot of 
the ordinates. 

ScHOLiuAC. The parameter of any diameter is a third propor- 
ticHial to the diameter and its conjugate. The parameter of the 

2B' 

transverse axis is equal to -r-, Art. 98, Cor. 4 ; and that of the 

conjugate axis is equal to -^. 

( 

PeoPOBITION XII. TutOREM. 

(114.) 3%6 difference of the squares of any two conjugate di- 
am/sters is equal to the difference of the squares of the oxdf. 

Let DD', EE' be any two conjugate diameters. Designate 
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the co-ordinates of D by «', y' ; those of E by x", y" ; the an- 
gle DC A by cc, and the angle EGA by 
a'. Then 

tang, a =1;, 
tang. a'c=|^. 



Therefore, tang, a x tang, ol'^— 
B* 
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which equals j^, because DIV and EE' are conjugate diame- 
ters, Prop. IX., Schol. 
Hence, by squaring each member of tbu» equation, we have 

Ayy'"=BW'\ (1) 

But because the point D is on the curve, w« have, Art. 97, 

Ay=-A*B'+BV; 

and because E is on the curve of the conjugate hypttrhola, we 
have. Art. 98, Schol. % 

Ay=+A*B*+BV. 

Therefore, by multiplication, 

Ayy=-A*B*+A'B*i:'*-A'BV*+B^a:'«a:"«. (^ 

Comparing equation (1) with equation (2), we see that 

- A*B*+A*BV- A'BV=0 ; 

or, dividing by — A*B*, we have 

A'-x'*+a:'"=0, 
or A'=x'*^a:"\ (3) 

In the same manner, we find that 

B'=y"*-y". (4) 

Hence, by subtraction, 

A"-B'=z"+y''-a:'"-y"*=A'«-B'*. 

(115.) Cor. According to this Propofition, Equation (3), 

a:'»=A*+a;"\ 

Also, from the equation of the hyperbola. Art 98, Schol. 2, 

Ay=B*(A"+a;"*). 

A" 

Therefore a:"=-gry"", 
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$^ 



or x'-^y'\ 

In the same manner we find 

y/ — «.// 




Proposition XIIL-<-TnoRBM. 

(116.) The parallelogramformed by drcamng tangents through 
the vertices of two conjugate diameters, is equal to the rectangle 
of the axes. 

Let DED'E' be a parallelogram 
formed by drawing tangents to the 
hyperbola through the vertices of two 
conjugate diameters t)D', EE'; its 
area is equal to A A' X BB'. 

Let the coordinates of IK referred 
to rectangular axes, be x'^ y* ; and 
those of E be x", y". 

The triangle CDE is equal to the trapezium DEHG, plus the 
triangle ECH, minus the triangle CD6 ; that is, 

2.CDE=(a:'-a;") (y'+y'O+^'Y'-ary, 

=x'y"'-^'y', 

=a?'-x — y^"^* "^y ^^^p- ^'i*» ^^^*^ 

_ BV'-"Ay reducing the fractions to a common 
"" A.B ' denominator, 

A'B' 

=~-5-=A.B, Art. 97. 
A.B 

Therefore the parallelogram CETD is equal to A.B ; and the 
parallelogram DED'E' is equal to 4 A^B or 2 A X 2B5= A A' X BB' * 

PaoFOsiTioN XIV. — Thborbm. 

(117.) The polar equation of the hyperbola, when the pole is 
at the more remote focus, is 

^ A(l-e') 

"" 1 +e coa, D* 
where r is the radius vector, e is the eccentricity, and f is the 
angle which the radius vector makes with the transverse axis. 
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We have found the distance of 
any point of the hyperbola from the 
focus, Prop. I., Cor. 6, to be 

r=FP=:-A+ear, 
r'=FP== A+ex, 

where the abscissa x is reckoned 
from the center* In order to trans-* 
fer the origin from the center to the tocus F, we must substi- 
tute for X, x'+c; or, putting Ae for c. Art 98, Cor. 6, we have 

a:=a:'+Ae. 

If we represent the angle PFX by v, we shall have 

^a;'=r cos. v. 
Whence x=r cob. v+Ae. 

Therefore, FP=r=— A+er cos. t)+Ae\ 

By transposition, 



Whence 



r(l— c COS. t))=— A+Ac'=— A(l— c*;. 
^^ -A(l-e') 
1— e COS. V 



In the same manner, we find 



^_ A(l-e») 
1 +e COS. V 



ON THE ASYMPTOTES OP THE HYPERBOLA. 

(118.) If tangents to four conjugate hyperbolas be drawn 
through the vertices of the axes, the diagonals of the rectangle 
so formed, supposed to be indefinitely produced, are called 
asymptotes of the hyperbola. 

Let AAS BB' be the axes of 
four conjugate hyperbolas, and 
through the vertices A, A', B, 
B', let tangents to the curve be 
drawn, and let DD', EE' be the 
diagonals of the rectangle thus 
formed; DD', EE' are called 
asymptotes to the curve. 

If we repres^it the angle 
DCX by a, and the angle E'CX 
by a', then we shall have 
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B 

tang, a = J, 

B 

tang, a' =-^. 

sin* ft 
But, since tang. a= , Trig., Art. 28* we have 

" COS. a " 

sin.' ft B* 
COS.* ft"" A** 



or 
Whence 



sm. ft 



B' 



1— sin." ft A*V 
sin. a-^^rpB?- 



In the same manner, we find 



COS. ft= 



A* 



A«+B*' 

which equations furnish the value of the angle which the as- 
ymptotes form with the transverse axis. 

Proposition XV. — Theorem. 

(119.) The equaiion cf the hyperbola^ referred to its center 
and (uymptotest is 

A'+B* 

where A and B are the semi-axes, and z and y the co-ordi- 
nates of any point of the curve. 

The equation of the hyperbola, 
referred to its center and axes, 
Art. 97, is 

Ay-B»x'=-A"B'. (1) 

The formulas for passing from 
rectangular to oblique co-ordi- 
nates, the origin remaining the 
same, Art. 30, are 

a;=z' COS. ft+y' cos. ft', 
y^x' sin. a+y' sin. ft'. 

' But, since ft=?— ft', these equations become 

a:=(a:'+yO COS. ft, 
y=(a;'— y') sin. a. 
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Substituting these values in equation (I), we have 
K\x'-yy sin.' a--B»(x'+yT cos.' «=-A'B*. 

But sin.* *=Trrni» A^. 118, 

and COS.' tt= ^, g, ; 

hence ^j(a:'-yOV^^.(^'+y'r=-A'B'; 

4A*B' 
that is, pq;giary=A'B', 

A'+B* 



/•«/. 



or x'y'=— J— , 

which is the equation of the hyperbola referred U> its center 
and asymptotes. 

(120.) Cor. The curve of the hyperbola approaches nearer the 
asymptote the further it is produced^ butf being extended ever so 
far^ can never meet it. 

The equation of the hyperbola, referred to its asymptotes, 
Art. 119, is 

A'+B' 
^=— 4— • 

Put M' for — z — f aid we have 

4 

ay=M^ 
y=-; 

and, since M' is a constant quantity, y will vary inversely as x. 
Therefore y can not become zero until x becomes infinite ; that 
is, the curve can not meet its asymptote except at an infinite 
distance from the center. The asymptotes are, therefore, con- 
sidered as tangent to the curve at an infinite distance from tiie 
center, 

PaoFosiTioN XVI. — Theorem. 

(121.) If from any point of the hyperbola lines be draum par- 
allel to and terminating in the asymptotes^ the parallelogram so 
formed will be equal to one eighth the rectangle described on the 
axes. 

Designate the co-ordinates of the point P referred to the 
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asymptotes by a:', y', and thrf an- 
gle DCE^ included between the 
asymptotes, by /3, we shall havep 
from the equation of the curve. 
Art. 119, 

, , . ^ A'+B' . ^ 
x'y' sm. p^ — ^^ — sm. p. 

The first member of this equa- 
tion represents the parallelogram 
PC contained by the co-ordinates of the point P of the curve. 

The diagonal AB is equal to VA'-hB*. 

>^A'-fB* 




Hence 



Also 



AH or CK= 



AK or CH= 



2 ' 
A'+B« 



Hence CHxCK= 

But the parallelogram 

CH AK=CH X CK Bin. ^=^^-t^' sin. p. 

Therefore the parallelogram PC is equal to the parallelo- 
gram HK, which is half the rectangle described on the semi- 
axes, or one eighth of the rectangle described on the axes. 

PROPOsrt'ioir XVII. — Theorem* 

(122.) The equation of a tangent line to an hyperbola^ re 
f erred to its center and asymptotes^ is 

y' 

where x\ y* are the co-ordinates of the point of contact. 

The equation of a secant line passing through the points x\ 
y , z^', y", ABt. 20, is 






(1) 



Since the two 


given points are on the 


curve, 


we 


must have, 


Art. 120, 










Whence 


x'yf^x"y** 








• 


G 
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Adding or'y" to each member, We have 
Whence a:'(y'-y")= -y"(^-^')* 

or — =— := — ^—, 

x'—x" xf 
Hence, by substitution, equation (1) becomes 

v" 



y-y 



-(x-x'). 



(2) 




If we suppose x^=x*'^ and y*=y'\ the secant will become a 
tangent, and equation (2) will be 

which is the equation of the tangent line. 

(123.) Car. To find the point in which 
the tangent meets the axis of abscissas, 
make y=0 in the equation of the tangent 
line, and we have 

that is, the abscissa CT' of the point, where 

the tangent meets the asymptote CE, is 

double the abscissa CM of the point of tan- 

gency. Therefore. CM=MT'; and, since 

the triangles TCT', PMT' are similar, the * 

tangent TT' is bisected in P, the point of contact ; that is, if a 

tangent line be drawn at any point of an hyperbola^ the part in- 

clvded between the asymptotes is bisected at the point oftangency. 

Proposition XVIIL- — Theorem. 

(124.) If a tangent line be drawn, at any point of an hyper- 
bola^ the part included between the asymptotes is equal to the di- 
ameter which is conjugate to that which passes through the point 
of contact. 

Let TT' be a line touching the 
hyperbola at P. Through P draw 
the diameter PP', and designate 
the angle contained by the asymp- 
totes by /3. 

Then, by Trigonometry, Art. 
77, in the triangle CPM, we have 
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CM-+MP-CP 



COS. CMP= 



2CMXMP 



or -co8./J= — . 

Also, in the triangle PMT', 

par+MT'"-PT'* 



cos. PMT'= 



2PM xMT' 



^ a;*+y*-PT'' 

or cos. j3= 7; . 

2xy 

Whence we have 

CP*=x'+y*+2zy COS. ft 

PT"=a:"+y*-2a:y cos. j3. 
Whence CP-PT"=4xy cos. j8. 

But, since i3=2a, cos. /3=cos.* a— sin." a, Trig., Art. 73. 

A*— B* 

Hence, from Art. 118, cos. j3= ., p>, . 

Also, from the equation of the hyperbola. Art, 119, 

A*+B' 

or 4ary=A'+B*. 

Therefore 4a:y cos. /3=A"— B', 

and CP*-PT"=A*-B*=A'*-B'" (Prop. XII.). 

But CP is equal to A' ; therefore PT'=B' ; that is, the tan- 
gent TT' is equal to the diameter which is conjugate to PP'. 

. (125.) Cor. The same is true of 
a tangent W drawn through the 
point 'P' of the conjugate hyperbola. 
Therefore, if we join the points T^, 
T'<', the figure T«'T' will be a par- 
allelogram whose sides are equal 
and parallel to 2A', 2B' ; that is, 
PP', EE'. Hence <Ae asymptotes 
are the diagonals of all the paraU 
klograms which can be formed by drawing tangent lines through 
the vertices of conjugate diameters. 
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Proposition IX.---Theorem. 

(109.) If through one Extremity of the iraTisverse dxis, a chord 
be drawn paraUel to a tangent line to the curve^ the supplement'^ 
ary chord will he parallel to the diameter which passes through 
the point of contact, and conversely. 

Let DT be a tangent to the hy- 
perbola, and let a chord AP be 
drawn parallel to it ; then will A'P 
be parallel to the diameter DD' 
which passes through the point of 
contact D- 

Let x*, y* designate the co-ordi- 
nates of D ; the equation of the line 
CD will be, Art. 16, 




whepce 



y'=a'x' ; 

x' 



But, by Prop. VL, Cor. 1, the tangent of the angle which the 
tangent line makes with the transverse axis, is 

BV 



a= 



Ay 



Multiplying together the values of a and a'y we obtain 

B" 

^~A*' 
which represents the product of the tangents of the angli . 
DCT and DTC. But, by Prop. V., the product of the tangenti 

of the angles PAA', PA'A is also equal to -j^. 

Hence, if AP is parallel to DT, A'P will be parallel to CD, 
and conversely. 

(110.) Let DD' be any diameter 
of an hyperbola, and DT the tan- 
gent drawn through its vertex, and 
let the chord AP be drawn parallel 
to DT ; then, by this Proposition, 
the supplementary chord A'P is par- 
allel to DD'. Let another tangent 
ET' be drawn to the conjugate hy- 
perbola parallel to A'P, it will also 
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But 2 sin. a COS. a=sin. fkh 

and COS.* a— sin.* a=co8. 2a> Trig.> Art. 78. 

Hence (A— C) sin, 2a+B cos. 2oi=0 ; 

or, dividing by cos. 2a^ 

B 

tang. 2a=--j---^. 

If, therefore, in equations (2), we give to the angle a such a 
value that the tangent of double that angle may be equal to 

— -rupif the term containing xy will disappear from the trans- 
formed equation. The new equation, therefore, becomes of 
the form 

My*+Na:*+Ry+Sa;+F=0. (S) 

Proposition II. — Theorem. 

(128.) The terms containing the first power of the variables 
in the general equation of the second degree^ can be made to diS'^ 
appear by changing the origin of the co-ordinates. 

In order to effect this transformation, substitute for x and y, 
in equation (3), the values 

y=ft+y', 
by which we pass from one system of axes to' another system 
parallel to the first, Art. 28. 
The result of this substitution is 

My'*+Na:'*+2Mft ) y'+2Na ) x'+Mft*+Na*+RJ+Sa+P=0. 

R $ S i 

In order that the terms containing x' and y' may disappear, 
we must have 

2M&+R=0,or6=-^, 

S 
and 2Na+S —0, or ^=— oiv» 

where a and b are the co-ordinates of the new origin. 

If we employ these values of a and fr, and substitute P for 
-Mft*—Na'—Rft—S£i—P, equation (3) reduces to 

My*TfNa;*=*P, 

an equation from which the terms containing the first power 
of the variables have been removed. 
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(129.) If one of the terms cootaining a:" or y" was wanting 
from equation (3), this last result would be somewhat modified. 
!(, for example, N=0, the Talue of a. given aboTe, wonld re- 

duce to -9 or infinity. We can, however, in this case cause 

the term which is independent of the Tariables to disappear. 
For this purpose we must put 

My+R*+&f+F=0 

. . . . My+R*+F 
which gives a= ^ • 

j> 
With this value of a, and the value of 6= — oil|> equation (3) 

reduces to the form 

My*+Sx=0 ; 

S 
or, putting Q for — ^, y"=Qa;. 

Hence every equation of the tecond degree between two varia- 
bks may be reduced to one oftheformSf 

My+Nx*=P, (4) 

or y"=Qa:. (5) 

(130.) Equation (4) characterizes a circle, an ellipse, or an 
hyperbola. 

First. Suppose M, N, and P are positive. 

P P 

Put ^'"^N' ^^^ ^*^M' 

By substituting these values in equation (4), we obtain 

B* ■*■ A« "^^ 
or Ay+BV=A«B*, 

which is the equation of an ellipse, Art. 68. 
If M=N, this equation characterizes a circle. 

Secondly. If N and P are both negative, or the equation is of 
the form 

My*-Nx«=-P, 

P P 

put A*=jj, and B"=jj|, 

and we obtain, by substitution, 



1^ 
I 
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or Ay-^BV=-A"B% 

which is the equation of an hyperbola, Art. 97. 

Thirdly, If N alone is negative, or the equation in of the form 

we shall obtain, by substitution, as before, 

Ay-BV:^A*B*, 

which characterizes the conjugate hyperbola. Art. 08, Schol. 2. 

(131.) Equation (5) characterizes a parabola, since, by put- 
ting Q=2p, it becomes 

y*=2pa:. Art. 50. 

Hence the only curves whose equations are of the second de- 
gree, are the circkf parcAola, ellipse; arid hyperbola, 

(132.) Whentheorigin of co-ordinates is placed at the vertex 
of the transverse axis, the equation of the ellipse is. Art. 70, 

B* 

y'=ji{2Ax^x'). 

The equation of the parabola for a similar position of the 
origin is. Art 50, 

y'=2pa:/ 

and the equation of the hyperbola is. Art. 99, 

. y«=-^(2Aa:+a:'). 

The equation of the circle is 

y*=2Rr— a:*. 

. These equations may all be reduced to the form 

y^=mx-\-nx*. 

In the ellipse, m=-^, and n= —- v^. 

In the parabola, m=2j9, and n=0. 

In the hyperbola, m=-T-, and n^-r^. 

In each case m represents the parameter of the curve, and 
n the square of the ratio of the semi-axes. In the ellipse, n is 
negative ; in the hyperbola it is positive ; and in the parabola it 
is zero. 
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(133.) Lines are divided into different orders, according to 
the degree of their equations. 
A line of the first order has its equation of the form 

Ay+Ba:+G=^; 
this class consists of the straight line only. 
Lines of the second order have their equations of the form 

Ay*+Ba?y+Ca;*+Dy+Ea;+F=0. 
This order comprehends four species, viz., the circle, ellipse, 
parabola, and hyperbola. 

(134.) Lines of the third order have their equations of the 
form 
Ay'+By'x+Cyx^+Dx'+Ey^+Fyx+Gz'+Ky+Kx+L^O. 

Newton has shown that all lines of the third order are com- 
prehended under some one of these four equations, 

(1.) a;y'+Ey =Aa:*+Bar'+Ca:+D, 
(2.) xy =Aa:'+B«"+Ca:+D, 

(30 y^^Ax'-^-Bx'+Cx+D, 

(4.) y =Aa:"+Ba:'+Ca:+D, 

in which A, B, C, D, E may be positive, negative, or evanescent, 
excepting those case? in which the equation would thus be- 
come one of an inferior order of curves. 

He distinguished sixty-five different species of curves com- 
prehended under the first equation ; four new species "were 
subsequently discovered by Sterling, and four more by De 
Gua. 

•The second equation comprehends only one species of 
curves, to which Newton has given the name of TridetU. 

The third equation includes five species, each possessing two 
parabolic branches ; among these is the semi-cubical parabola. 

The fourth equation comprehends only one species of curves, 
commonly called the cubical parabola. 

There are, therefore, eighty different species of lines of the 
third order. 

(135.) Lines of the fourth order have their equations of the 
form 

Ay*+By"a;iCyV+ Byx'+Ex' ^ 

+Fy" +Gy*x +Uyx^+Kx' 

+Ly» 4-Mya:4-Na;'^=0. 

+ Py +Q5P 

+R 
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Lines of the fourth order are divided by Euler into 146 
classes, and these comprise more than 5000 species. 

As to the fifth and higher orders of lines, their number has 
precluded any attempt to arrange them in classes. 

(136.) A family of curves is an assemblage of several curves 
of different kinds, all defined by the same equation of an inde- 
terminate degree. Thus, every curve whose abscissas are 
proportional to any pov^rer of the ordinates is called a parabola. 
Hence the number of parabolas is indefinite. Of these some 
of the most remarkable have received specific names. The 
common parabola is sometimes called the quadratic parabola, 
and its equation is of the form ........ y*=ax. 

The equation of the cubical parabola is y*=ar. 

The equation of the biquadratical parabola is . . . y*=ax. 
etc. etc. etc. 

The equation of the semi*cubical parabola is . . . y^=ax. 

The equation of the semi-biquadratical parabola is . y^=^ax. 

etc. etc. etc. 

All of these parabolas are included in the equation . y^=ax. 



IICTItl IL 

TXA5SCE5DESTAL CCBTES- 

1S7.) CnTEa dm; be diridtd into two general cluses, 
•hraic mA traxjcendeiUaL 

fTben ibe rdation between the ordinate and abscissa of a 
re can be ezpreaed entirely in algebraic terms, it is called 
dgebraic curre ; wbeo this relatitKi can not be expressed 
ttoat the aid of transcendcDtal quantities, it is called a trans- 
dental curre. 

Lmong transcendental corres, the cycloid and the logarithmic 
v6 are the most importanL The logarithmic curve is use- 
in exhibiting the law of the diminution of the denuty of the 
KMi^iere ; and the cycloid in investigating the laws of the 
dulum, and the descent of heavy bodies toward the center 
he earth. 

'be spirals have many curious properties, and are employ- 
n the volutes of the Ionic order of architectnre. 

CTCLOID. 
138.) A cycloid is the curve described by a pAinl in the cir- 
iference of a circle rolling in a straight li&e on a plane. 




'has, if the circle EPN be rolled along a straight liae AC, 
point P of the circumference will describe a curve which 
ailed the cycloid. The circle EPN is called the genertUing 
U, and F the generating point, 

Chen the point P has arrived at C, having described the arc 
Z, if it continue to move on, it will describe a second arc 
lar to the first, a third arc, and so on, indefinitely. As, 
rever, in each revolution of the generating circle, an equal 
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curve is described, it is only necessary to examine the curve 
ABC described in one revolution of the generating circle. 

(139.) After the circle has made one revolution, every point 
of the circumference will have been in contact with AC, and 
the generating point will have arrived at C. The line AC will 
be equal to the circumference of the generating circle, and is 
called the base of the cycloid. The line BD, drawn perpen- 
dicular to the base at its middle point, is called the axis of the 
cychidf and is equal to the diameter of the generating curcle. 

Proposition I. — ^TnEOREBf. 
(140,) The equation of the cycloid is 




x^arc whose versed sine is y ^ V2ry—y* 

where r represents the radius of the generating circle. 

Let us assume the ^ 

point A as the origin 
of co-ordibates, and 
let us suppose that 
the generating point 
has described the arc 
AP. If N designate ^ ^ 
the point at which the generating circle touches the base, it is 
plain that the line AN will be equal to the arc PN. Through 
N draw the diameter EN, which will be perpendicular to the 
base. Through P draw PH parallel to the base, and PR per- 
pendicular to it. Then PR will be equal to HN, which is the 
versed sine of the arc PN. 

Let us put EN=2r, AR=a:, and PR or HN=y; we shall 
then have, by Geom., Prop. XXIL, Cor., B. IV., 

RN=PH=yHNxHE= Vy(2r-y)= V2ry-y*, 

and AR=AN-RN=arcPN-PH. 

j 

Also, PN is the arc whose versed sine is HN or y. i 

Substituting the values of AR, AN, and RN, we have 

a:=arc whose versed sine is y— V2ry— y', 
which is the equation of the cycloid. I 

( 

L06AIUTHMIC CURVE. 

I 

(141.) The logarithmic curve takes its name from the prop- 
erty that, when referred to rectangular axes, any abscissa is 
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j'.'rir'-i-x 'A tie ccrre^KChilng ordinate. The 



oc 1 



rrjerrJ: 






bifie of a system of iogaiithnis, we shall 






(112.; FrcG :i^ ^zrst'L-JZ^ we can easHj describe the carve 
by pxnis. Let the i.::ie AB 




be ta&ea VjX «z:.ty: 
AC be dlriced jito porLofkSy 
eacheq^toAR Let 
base of the svsiem of io^^ 
nduDSy be taken eq:^ to 1.6L 
and let a*, ^.etc^ oorrespocd 
in length with the dj£?rent 
powers of a. Then the dis- 
tances from A to 1, 2, 3; etc^ 
will represent the logarithms of «, «*, a*, etc 

The logarithms of nambers less than a unit are a^oltve, and 
these are represented by portions of the line AD to the left of 
the origin. 

(143.) If the cnrre be continoed ever so &r to the left of A, 
it will never meet the axis of abscissas. The ordinates di* 
minish more and more, but can never reduce to zero, while x 
is a finite quantity. When the ordinate becomes infinitely 
small, the abscissa becomes infinitely great and negative. 
This corresponds with Algebra (Art 337), where it is shown 
that the logarithm of zero is infinite and negative. 

(144.) We may construct the curve for any system of loga- 
rithms in a similar manner. Thus, for the Naperian system, 

a = 2.718, 
a» ^ 7.389, 
a* =20.085, 
flr*=s 0.368, 
a-^= 0.135. 

If we erect at the point A an g /^ i ^ |^, \^% 

ordinate equal to unity ; at the 
point 1 an ordinate equal to 
8.718; at the point 3 ill 




i 



-a 
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nate equal to 7.389, etc. ; at the point — 1 an ordinate equal to 
0.368, etc., the curve passing through the extremities of these 
ordinates will be the logarithmic curve for the Naperian base. 

SPIRALS. 

(145.) A ^irtU is a curve described by a point which moves 
along a right line in accordance with some prescribed law, the 
line having at the same time a uniform angular motion. 

Thus, let PD be a straight 
line which revolves uniformly 
around the point P; and. at 
the same time, let a point move 
from P along the line PD, arriv- 
ing successively at the points 
A, B, C, etc., it will trace out 
a curve called a spiral 

(146.) The fixed point P 
about which the right line 
moves, is called the pole of the 
spiral. The portion of the spiral generated while the line 
makes one revolution, is called a spire; and if the revolutions 
of the radius vector are continued, the generating point will 
describe an indefinite spiral, and any straight line drawn 
through the pole of the spiral, will 
intersect it in an infinite number 
of points. 

With P as a center, and PA as 
a radius, describe the circumfer- ^f 
ence ADE ; the angular motion of \ 
the radius vector about the pole 
ihay be measured by the arcs of 
this drcle estimated from A- *"" — ^•"■** 





SPIRAL OF AI^GHIMED£SL 

(147.) While the line PD revolves uniformly about P, let 
the generating point move uniformly, also, along the line PD, it 
will describe the spiral of Archimedes. 

Proposition II. — Theorem. 
(148.) The equation of the spiral of Archimedes is 



no 
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27r* 

where r repreeenU tbe radius vector, and I the measuring arc 
estimated from A. 

For, from the definition, the radius vectors are proportional 
to the measuring arcs estimated from A ; that is, 

PM : PD :: arc AD : circ ADE. 

Designate the radius vector PM by r, PA by a, and the 
measuring arc estimated from A by I; then we shall have 

r: a::t: 2ira. 
ai _ i 
2irtf~"2ir' 



Whence 



(149.) This spiral may be c<mi- 
structed as follows : divide a cir- 
cumference into any number of 
equal parts, as, for example, eight ; 
and the radius AP into the same ^ 
number of equal parts. On the 
radius PB lay off one of these 
parts ; on PC two ; on PD three, 
etc The curve passing through 
these points will be the spiral of 
Archimedes, for the radius vectors are proportional to 
AB, BC, etc., of the measuring circle. 




the arcs 
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(150.) While the line 
PB revolves uniformly 
about P, let the genera- 
ting point move along 
the line PB in such a 
manner, that the radius DJ 
vectors shall be inverse- 
ly proportional to the 
corresponding arcs, it 
will describe the Ajper- 
bolic spiral* 







Logarithmic Spiral. Ill 

PROPoeiTioN IIL — Theorem. 

r 

(151.) The equation of the hyperbolic spiral is 

a 

where r represents the radius vector, t the measuring arc, and 
a is a constant quantity. 
For, from the definition, 

PB : PM : : circ. ABDE : arc AB. 

Let us designate the radius vector by r, and the measuring 
arc estimated from A by ^, calling PM unity, we shall have 

r : I :: 2n : L 

Whence ''~"T ' 

or, representing the constant 2n by a, we have 

r=-, or af\ 

(152.) Scholium. The two preceding spirals are included in 
the general equation 

r^aft 
where n may be either positive or negative. 

(153.) The hyperbolic spiral misty be ponstructed as follows: 

Describe a circle ACDF, " 

and divide its circumfer- 5^''^ ''!!^><'" — ' 

ence mto any number of / \ >^ / \^ 
equal parts, AB, BC, CD, / ^ / \ 
etc. Then take P6 equal •/ \\j[ ^* 

to one half of PB, PH dI \ N>\ ^ U 

equal to one third of PB, \ ihK I 

PI equal to one fourth of \ / \ / 

PB, etc., the curve pass- \ / \ / 

ing through the points B, ""t^.... .-^* 

G, H, I, etc., will be a hy- 
perbolic spiral, because the radius vectors are inversely pro- 
portional to the corresponding arcs estimated from A. 

LOGARITHMIC SPIRAL. 

(154.) While the line PA revolves uniformly about P, let 
the generating point move along PA in such a manner that 
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e logvitlmi of the ncLos Tector naj be propo rti ona] to the 
easnriBg arcs, h viH dcKiibe the logaridmie $piraL 

hoposmos IV. — ^Trbokkh. 
(15S.) Tke equation tf i)te logariUmac ^inJis 

t=Vyg.r, 
here r reprearati the radint Tector, and ( the meuuring arc. 
For this eqoation is but ao expresBOo of the definitioD. 
(156.) The logarithmic spiral may be omstnicted ax fiiJIows : 
ivide the arc of a circle ACE 
to any nomber of equal parts, 

B, BC. CD, etc, and upon the / 
ulii drawn to the points of divi- 
CHi,takePL,PU,PN,etc^ingeo- b-^ 
etrical pn^resrioD. The cnrre ' 
using through the pmnts L, M, 
, etc.^ will be the logarithmic 
riral ; fin- it is evident that AB, 

C, etc., being is arithmetical progressi(Hi, are as the loga- 
Uims of PL, PM, etc., which are in geometrical progression. 
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DEFINITIONS AND FIRST PRINCIPLES— DIFFERENTIATION OF 

ALGEBRAIC FUNCTIOffS. 

Article (157.) In the Differential Calculus« as in Analytical 
Geometry, there are two classes of quantities to be considered, 
viz., variabks and constants. 

Variable quantities are generally represented by the last let- 
ters of the alphabet, x, y, z, etc., and any values may be assign- 
ed to them which will satisfy the equationa into which they 
enter. 

Constant quantities are generally represented by the first 
letters of the alphabet, a, 6, c, etc., and these always retain the 
same values throughout the same investigation. 

Thus, in the equadon of a straight line, 

the quantities a and h have but one value for the same line, 
while a: and y vary in value for every point of the line. 

(158.) One variable is said to be 2i function of another varia- 
ble, when the first is equal to a certain algebraic expression 
containing the second. Thus, in the equation of a straight line, 

y is a function of a;. 
So, also, in the equation of a circle, 

and in the equation of the ellipse, 

y=-r-'/2Aa:— z". 

(159.) When we wish merely to denote that y is dqpendeni 
upon X for its value, without giving the particular expression 
which shows the value of x, we employ the notation 

H 



J 
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y=F{x), or y=/(a:), 
or x=F{y), or x^f{y), 

which expressions are read, y is a function of z, or x is a func- 
tion of y. 

To denote a function containing two independent variables, 
as X and y^ we inclose the variables in a parenthesis, and place 
the sign of function before them. Thus, the equation 

u^ay+bx* 

may be expressed generally by 

u^fix, y), 

which is read, u is a function of x and y, and simply shows 
that u is dependent for its value upon both x and y. 

(160.) An explicit or expressed function is one in which the 
value of the function is directly expressed in terms of the varia- 
ble and constants, as in the equation 

y=€U:*+i. 
An implicit or implied function is one in which the value of 
the function is not directly expressed in terms of the variable 
and constants, as in the equation 

y"— 3aya;+x'=0, 

where the form of the function that y is oix can be ascertain- 
ed only by solving the equation. 

(161.) An increasing function is one which is increased 
when the variable is increased, or decreased when the varia- 
ble is decreased. Thus, in the equation of a straight line, 

y=^ax+h^ 

if the value oix is increased, the value of y will also increase; 
or, if X is diminished, the value of y will diminish. 

A decreasing function is one which is decreased when the 
variable is increased, and increased when the variable is de- 
creased. Thus, in the equation of the circle, 

y=^^sr=^, 

the value of y increases when x is diminished, and decreases 
when x is increased. 

In the equation y= '•R"— a:*, x is called the independent 
variable, and y the dependent variable^ because arbitrary values 
are supposed to be assigned to ar, and the corresponding values 
of y are deduced from the equation. 
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(162.) The limit of a variable quantity is that value which 
it continually approaches, so as, at last, to difier from it by 
less than any assignable quantity. 

Thus, if we have a regular polygon inscribed in a circle, 
and if we inscribe another polygon having twice the number of 
sides, the area of the second will come nearer to the area of the 
circle than that of the first. By continuing to double the num* 
ber of sides, the area of the polygon will approach nearer and 
tlearer to that of the circle, and may be made to difier from it 
by a quantity less than any finite quantity. Hence the circle 
is said to be the limit of all its inscribed polygons. 

So, also, in the equation of a circle, 

the value of y increases as the point P ad- p 

vances from A to B, at which point it be- y^ 
comes equal to the radius of the circle. / j 

As the point P advances from B to C, the J. L- 

valu6 of y diminishes until at C it is re- ^ ' / 

duced to zero. The radius of the circle \ / 

is, therefore, the limit which the value of ^'"•"— ^^ 

y can never exceed. So, also, in the same equation, the radius 
of the circle is the limit which the value of x can never exceed. 
If we convert } into a decimal fraction, it becomes 

.1111, etc., 

or TV + TiTT + TTrVT + TTTTnT+J ®tC' 

Hence the sum of the terms of this series approaches to the 
value of ^, but can never equal it while the number of terms is 
finite. The limit of the sum of the terms of this series is there- 
fore ^, 
So, also, the sum of the series, 

l+i+i+i+rV.etc., 

approaches nearer to 2, the greater the number of terms we 
employ ; and, by taking a sufiicient number of terms, the sum 
of the series may be made to difier from 2 by less than any 
quantity we may please to assign. The limit of the sum of 
the terms of this series is therefore 2. 

(163.) When two magnitudes decrease simultaneously, they 
may approach continually toward a ratio of equality, or to- 
ward some other definite ratio. Thus, let a point P be sUp- 
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posed to move od the circamfereoce of a circle toward a fixed 
point A. The arc AP will diminish at i^ 
the same time with the chord AP, and, by 
bringing the point P sufficiently near to 
A, we may obtain an are and its chord, 
each of which shall be smaller than any 
given line, and the arc and the chord con- 
tinually approach to a ratio of equality. 

But the ratio of two magnitudes does not necessarily ap- 
proach to equality, because the magnitudes are indefinitely 
diminished. Thus, take the two series, 

^f T» i» tV t j» it» iV» *^^> 
h h h iV* ii» JJ9 tV» ®^ 
The ratio of the corresponding terms is, 

1> h l» TT» f f» if* ih ®^ 

The ratio here increases at every step, but not without limit 
However fiir the two series may be continued, the ratio <^ the 
corresponding terms is never so great as 2, though it may be 
made to diflSsr from 2 by less than any assignable quantity. 
The limit of the ratio of the corresponding terms of the two 
series is therefore 2. 

(164.) If a variable quantity increase uniformly, then other 
quantities, depending on this and constant quantities, may 
either vary uniformly, or according to any law whatever. 

Thus, in the equation of a straight line, 

y=2x+3, 

if we make x^l^ we find y=5, 

a:=2, - y=7, 

a:=3, ** y=9, 

etc. etc ; 

that is, when z increases uniformly, y increases uniformly. 
Again, take the equation of the parabola, 

y=V4i, 
if we make «=:1, we find y =2.000, 

x=2, ** y-2.e28, 
x=^3, « y=3.464, 
x-4, •* y=4.000, 
etc; etc., 
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where, although x increases uniformly, y does not increase 
uniformly, 

(165.) If the Bide of a square increases uniformly, the area 
does not increase uniformly. Thus, let AB 
be the side of a square, and let it increase 
uniformly by the additions Bo, db, be, etc ^ 
and let squares be described on these lines, 
as in the annexed figure ; then jt ia obvious 
that the square on the side Aa exceeds that 
described on the side AB, by twice the rect- -^ 
angle ABxBa, together with the square on Ba. The square 
described on Ab has received a further increment of two equal 
rectangles, together with three times the square on Ba ; the 
square on AC has received a further increment of two equal 
rectangles and five times the square on Ba. Hence, when the 
side of the square varies uniformly, the area does not vary 
uniformly. 

Thus, suppose the side of a square is equal to 10 inches, and 
let it increase uniformly one inch per minute, so aa to become 
Buccesaively II, 13, etc., inches. 

While the side increases from 10 to 11 inches, the area in- 
creases from 100 to ISl inches=21 inches. 

While the side increases from 11 to 13 inches, the area in- 
creases from 121 to 144 inches=33 inches. 

While the side increases from 13 to 13 inches, the area in> 
creases from 144 to 169 inches=35 inches. 

etc., etc., etc. 

Hence the rate of increase of the area depends upon the 
length of the side. When the side is 11 inches, the area is in- 
creasing more rapidly than when the side was 10 inches. 

(166.) There is an important distinction between the abso- 
lute increase of -a variable quantity, and its rate of increase. 
By the rate of increase at any instant we understand what 
would have been the absolute increase if this increase had been 
uniform. Thus, while the side of a square increases from 
11 to IS inches in one minute, the area increases from 131 to 
144 inches. The absolute increase of the area is 23 inches ; 
but the rate of increase of the area when the side was 11 
inches was such as would have given an increase of ks$ than 
23 inches per minute ; and when the side was 12 inches the 
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t cf -jyT-f.^ «E-t is>'.t it w:-^; bzT* g:Te£ an mcrease of 
IT ir^i 25 itiie* per r. .1 -'.e. 

A'l -t, i:^rei,re. "Jje riie ?!f xrrease of Uie side of a sqoan 
u-.f-.-nii, ibe TVJt <A i»:naw of its srva is coDtinaalljr 



Tic o'yaci 'A t« D'.jrm:Uil Cc^vJus is lo determine the 
io hrtu^f* tMe TiU 'jf furialio* of dte imdependent variable, 
I that (A ihx fwti'jW into it\\ck it enters. 

Pkopoirnox L — Tbeoko. 
167.) Tke rate of cariaii^M of tke tide of a square is to that 
its area, in the ratio of **Uy to txice lAe side of the square. 

f ibe tide of 3 square be represented by r, its area will be 
rraeoted by x*. When the side of the square is increased 
A and becomes z+h, the area will become {x+h)', which 
qoal to 

x'+2xh+h'. 
lile the side baa increased by k, the area has increased by 
i-\-h'. If, then, we employ k to denote the rate at which x 
reases, 2zh+h' would have denoted the rate at which the 
a increased bad that rale been uniform ; in which case we 
uld have had the following proportion : 
iof increase of the side: rate of increase of the area •.•.h: 2zA+A', 
18 \:2x +A. 

)ut since the area of the square increases each instant more 
I more rapidly, the quantity 2x+h is greater than the incre- 
at which would have resulted had the rale at which the 
are was increasing when its side became x continued uni- 
n ; and the smaller h is supposed to be, the nearer does the 
remetit 2x+A approach lo that which would have result- 
had the rate at which the square was increasing when its 
i became x continued uniform. When h is equal to zero, 
: ratio becomes that of 

1 to2x, 
ich is, therefore, the ratio of the rate of increase of the side 
hat of the area of the square, when the side is equal to x. 
168.) Illustration. If the side of a square be 10 feet, its 
a will be 100 feet. If the side be increased to U feet, its 
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area will become 121 feet; the area has increased 21 feet; 
and the ratio of the increment of the side to that of the area is 
as 1 to 21, 

When the length of the side was 10.1 feet, its area was 
102.01 ; the area had increased 2.01 feet ; and the ratio of the 
increment of the side to that of the area, was as 0.1 to 2.01, or 
1 to 20.L 

When the length of the side was 10.01 feet, its area was 
100.2001 ; and the ratio of the increment of the side to that of 
the area, was as 1 to 20.01. 

When the length of the side was 10.001 feet, the ratio was 
as 1 to 20.001. 

Hence we see that the smaller is the increment of the side of 
the square, the nearer does the ratio of the increments of the 
side and area approach to the ratio of 1 to 20. This, there- 
fore/ was the ratio of the rates of increase at the instant the 
side was equal to 10 feet ; and this ratio is that of one to twice 
ten, or twice the side of the square* 

We have here another illustration of the principle of Art, 
163, that two magnitudes which decrease simultaneously may 
continually approach toward some finite ratio. However 
small we suppose the increment of the side of the square or 
the increment of the area to become, the ratio of the two in- 
crements continually approaches to that of 1 to 2x. 

Proposition II. — Theorem. 

(169.) The rate of valuation of the edge of a cube is to that 
of its solidity i in the ratio of unity to three times the square of 
the edge. 

If tho edge of a cube be represented by a:, and its solidity by 
tt, then 

If the edge of the cube be increased by h so as to become 
x-j-A, and the corresponding solidity be represented by u', then 
we shall have 

tt'=(x+A)'=x'+ac'A+3xA*+V. 

The increment of the cube is 

«'-M=ai;'A+3a;A"+A". 
Hence, if the solidity of the cube had increased uniformly when 
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the ed^ mnreiatd cci:'omjy, we ifocli have bad the propor- 

of imcreiue of die «/?« : rate of incmae of iMe aoiid^ 

■ 1 : aLT* +ar* +k\ 

ut since the toi^dily at each instaot increases more and 
c rapi'lly, the increment 3r'-!-3z*+*' is greater than thai 
f.h would hare resulted had the rate of increase when its 
i became x continued muform. Xow the smaller k be- 
es, the nearer does the increment 3x'+Sxk+h' approach 
fiat which would have resulted had the rate at which the 
s was increasing when its edge became x continued tini- 
), When k is equal to zero, this ratio becontes that of 

iioac*. 

cb is, therefore, the ratio of the rate of increase of the edge 
lat of the solidity, when the edge is equal to x. 
170.) The rate of variation of a functiooor of any variable 
ttily is called its differeiUial, and is denoted by the letter 
aced before it. Thus, if 

1 dx : (ft! : : 1 : Sz*. 

'he expressions dx, du are read difierential of x, differential 
, and denote the rates of variation of x and u. 
' we multiply together the extremes and the means of the 
seding proportion, we have 

cfu=3x*(27, 
ch signifies that the rate of increase of the function u is 
times that of the variable x. 
' we divide each member of the last equation by dx, we 



oh expresses the ratio of the rate of variation of the func- 
to that of the independeot variable, and is called the dif- 
■ntial coegtcient of u regarded as a function of z. 
l71.) iLLuaTRATiov. If the edge of a cube be 10 feet, its 
lily wilt be 1000 feet. If the edge he increased to 11 feet, 
mlidity will be 1831 feet ; the solidity has increased SSI 



r 
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feet ; and the ratio of the increment of the edge to that of the 
solidity is as 1 to 331. 

When the length of the edge was 10.1 feet, its solidity was 
1030.301 ; the solidity had increased 80.301 feet ; and the ratio 
of the increment of the edge to that of the solidity was as 0.1 
to 30.301, or 1 to 303.01. 

When the length of the edge was 10.01 feet, its solidity was 
1003.003001 ; and the ratio of the increment of the edge to 
that of the solidity was as 1 to 300.3001. 

When the length of the edge was 10.001 feet, the ratio was 
as 1 to 300.030001. 

Hence we see that the smaller is the increment of the edge 
of the cube, the nearer does the ratio of the increments of the 
edge and solidity approach to the ratio of 1 to 300. This, 
therefore, was the ratio of the rates of increase at the instant 
the edge was equal to 10 feet ; and this ratio is that of one to 
three times the square of ten. 

(172.) It will be seen from these examples that^ in order to 
discover the rate of variation of a function, we ascribe 9, small 
increment to the independent variable, and learn the corre* 
spending increment of the function. We then observe toward 
what limit the ratio of these increments approaches, as the in- 
crement of the variable is diminished, which limit can only be 
attained when the increment of the variable is supposed to be- 
come zero. This limit expresses the ratio of the rates of 
variation of the function and the independent variable x, at the 
instant when the variable was equal to x. 

But because, in order ta find the value of the diflferential co- 
efficient, we make h equal to zero, it must not be inferred that 
dx and du are therefore equal to zero, du denotes the reUe of 
variation of the function u^ and dx the rate of variation of the 
variable x ; and since only their ratio is determined, either of 
them may have any value whatever, dx may, therefore, be 
supposed to have a very small or a very large value at pleasure. 

Peoposition III.— Theorem. 

(173.) The differential coefficient of iheftmction 

u=x* 
is 4x*. 

If we suppose x to be increased by any quantity hf and des-< 
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^□ate by u' the new raloe of the fimctiOD under this supposi- 
lOD, we shall have 

r, expanding the second meoiber of the e<{aation, we have 

If we subtract from this the original equation, we obtain 
»'— »=-lr'A+6x'A'+4rA'+*'. 
[ence we see that if the variable x is increased by k, the fimc- 
on u will be increased by 

tr'A+ftr'A'+trA'+A'. 
If both members of the last equation be divided by A, we 
■all have 

^^-^=4r'+fijr'A + 4rA' + A*. 

bich expresses the ratio of the increment of the function u to 
lat of the variable x. The first term 4x' of this ratio is in- 
;pendent of A, so that, however we vary the value of 4, this 
-St term will remain unchanged, but the subsequent terms are 
^pendent on h. 

If we si^pose A to diminish continually, the value of this 
.tio will approach to that of 4r*, to which it will become 
[ual when A equals zero. This, therefore, is the ratio of the 
te of increase of the independent variable to that of the func- 
m, at the instant the vaiiable was equal to x. Hence, Art 172, 

dx=*^- 
(174.) The method here exemplified is applicable to the de- 
rminatioQ of the difierential coefficient of any function of a 
igle variable, and is expressed in the following 

Rule. 
Give to the variable any arbitrary increment h, and find the 
Tesponding value of the function ; from which subtract iH 
imitive value. Divide the remainder by the increment h, and 
id the limit of this ratio, by making the increment equal to 
■o ; the result wiU be the differential coe^cient. 

Es. I. If X increase uniformly at the rate of 3 inches per 
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second, at what rate does the value of the expression 2x^ in- 
crease when X equalis 6 inches ? 

Ans. 48 inches per second. 

Ex. 2. If X increase uniformly at the rate of 3 inches per 
second, at what rate does the value of the expression 4x* in- 
crease when X equals 10 inches ? 

Ans. 

Ex. 3., If X increase uniformly at the rate of 5 inches per 
second, at what rate does the value of the expression 2x* in- 
crease when X equals 4 inches ? 

Ans. 

Proposition IV. — Theorem. 

(175.) To obtain the differential of any power of a variabk^ 
we mtist diminish the exponent of the power by unity ^ and then 
multiply, by the primitive exponent^ and by the differential of the 
variable. 

To prove this proposition, let us take the function 

and suppose x to become x+K then 

u'=^{x+hY. 

Developing the second member of this equation by the Bi- 
nomial theorem, we have 

M'==a:"+na:"-»A+^^^^P-^a:°-W+, etc. 

Subtracting from this the original equation, wq hav^d 

u'-u=nx'^'h+ ^ . V -^A'+, etc. 
Dividing both members by A, we have 

— T— =na;°-'-F ^ ^ 'x '^h+, etc. 

A 2 

which expresses the ratio of the increment of the function to 
that of the variable. 

If now we make h equal to zero, Art. 174, the second term 
of the second member of this equation reduces to zero, and 
also all the subsequent terms of the development, since they 
contain powers of A. Hence 
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rhicb oootonm to the propoaition mbove eonociated. 

Peopositioii v. — Tbeoiek. 
(176.) TV differential cf the product of a variable quantity 
y a constant, it equal to the comtani muitipHed by the differ- 
ntial of the variable. 

Suppose we have the (uoction 

Vhen X becomes x+h, we bave 

iL'=ax*+4ax'h+6ax'h'+, etc 
Also, vf—u=4a3^h+6ax'h'+, etc. 

leace — r — =4ax'~6a3^h+, etc 

If now wfi make h equal to zero, Art. 174, all the terms in 
tie second member of this equation except the first disappear, 
nd we have 

-T-=4ax'. 

dx 

r du=^a3*dz ; 

liat is, the differential of ax* is equal to the differential of x' 

lultiplied by a. 

PsoFoeiTioN VI, — Theorbh. 
(177.) The differential of a constant term is zero; hence a 
onstanl quantity connected with a variable by the sign plus or 
linus, will disappear in differentiation. 

Suppose we have the function 

u=b+x\ 
Vhen X becomes x+b, we have 

u'=b+x'+4x'h+6x'h'+, etc, 
nd u'—u=4x'k+6x'h'+, etc. 

lence — r-=4ar'+ftc'A+, etc ; 

md, making h equal to zero. Art 174, we have 
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du 

dx * 
or du=4kX*dXf 

where ^ constant term b has disappeared in differentiation. 

Ex. 1. What is the differential ofbaz*! 

Ans. 15ax'(2r. 

£x. 2. What is the differential o{ix*+bf 

Ans. 

Ex. a. What is the differential of ai:* 7 

• Ans. 

Ex. 4. What is the differential of 7a*x"+V ? 

Ex. 5. What is the differential of 4a6V-c? 

Ex. 6. What is the differential of 3a'ca:*-rf? 

Proposition VII. — Theorem* 

(178.) if u rq)r€sents any function of x, and toe change x into 
x+h, the new value of thefwnction will consist of three parts : 

1st The primitive function u. 

2d. The differential coefficient of the function multiplied by 
the first power of the increment h.' 

M. A function ofx and h multiplied by the second pouter of 
th,e increment h. 

We have seen in the preceding Propositions that when u is 
a function of x, and we change x into x+hy the new value of 
the function consists of a series of terms which may be ar- 
ranged in the order of the ascending powers of A, and the de- 
velopment is of the following form 

tt'= A-f BA-|-CA'-hDA'+, etc. 

Now when we suppose h equal to zero, the second member 
of this equation reduces to A, and tt' on this supposition be- 
comes tt ; hence 

A=ii, 

and the development may be written 

tt'==M+BA+CA'-|-DA"+, etc., 
or tt'=w-t:BA+A'(C+DA-|-, etc.). 

If now we represent C-f DA+, etc., by C, where C is a 
function both of x and A, we have 

tt'=w+BA+C'A*. (1) 
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rransposing and dividing by A, we find 

i when we make h eqaa) to zero, we have 

dx 
it is, B is the difiereoUal coefficient of the function. 
We see from equation (1) that u', the new value of the func- 
D, consists of the primitive function tc, plus the difierenlial 
efficient of the function multiplied by h, plus a function of 
md h multij^ied by A'. 

This new value of the function will be frequeotiy referred to 
reafter under the form 

tt'=tt+AA+BA'. (8) 

PROFOfllTION VIII. TbEOIBM. 

[179.) The differential of the sum or difference of any nam- 
' of functions dependent on the same variable, is equai to the 
n or difference of their differentials taken separately. 

Let us suppose the function « to be composed of several 
riable terms, as, for example, 

u=y+z—v, 
ere y, z, and v are functions of x. 
If we change x into x-\-h, we shall have 

u'-u=(y-y)+(z--t)-{v'-i,). 
But by the preceding Proposition y'—y may he put under 
formof AA+BA*. 

So, also, z'—x may be put under the form of A'A+B'A"; 
I v'—v may be represented by A"A+B"A' ; that is, 
w'-a=(AA+BA') + (A'A+B'A')-(A"A+B"A'). 
dividing each member by h, we have 

^=(A+BA) + (A'+B'A)-(A"+B"A); 

I making h equal to zero, Art. 174, we have 

da 

^=A+A'-A", 

dx 

du=Kdx-\-K'dz—A"dx. 
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But Adx is the differential of y ; A!dx is the differential of 
z ; and A!'dx is the differential of v. Hence 

du=^dy-\-dz—dv. 

Ex. 1. What is the differential of ar*-5a;*-2a: ? 

Am. (24a:"-15a:*-2)dr. 

Ex. 2. What is the differential of ax*^cx t 

Ans. 

Ex. 3. What is the differential of 3<ix*-te'? 

Ans, 

Ex. 4. What is the differential of a'+3aV+3aV+arV 

Alts. 

Ex. 6. What is the differential of &c*-3a:'+ar+3? 

Ans, 

Ex. 6. What is the differential of 7a:»+to"-5ax*+ac-6? 

Ans. 

Proposition IX. — Theorem. 

(180.) The differential of the product of two functions de- 
pendent on the same varidblef is equal to the sum of the products 
obtained by multiplying each by the differential of the other. 

Let us designate two functions by u and v, and suppose 
them to depenc^n the same variable x ; then, when x is in- 
creased so as to become x+h, the new functions may be writ- 
ten, Art. 178, t 

tt'=tt+AA +Bh\ 

v'=^v+A'h+B'h\ 

If we multiply together the corresponding members of these 
equations, we shall have 

ttV=w+A«A +BdA*, 

+A'uA+AA'A'+, etc., 
+B'ttA' +, etc., 

where, it will be observed, the terms omitted contain powers of 
the increment higher than V. 

Transposing, and dividing by A, we have 

tt'l)' — uv 

— = At) +A'tt+ other terms involving A. • 

When we make A equal to zero. Art. 174, the terms involving 
h disappear, and we have 
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d(uv) 

or, multiplying hjdxj 

d{uv)=^vAdx+uA'dx» 
But Adx is equal to du^ 

and A'dx is equal to dv. 

Hence d{uv)=vdu+udv9 (1) 

which was the proposition to be demonstrated. 

(181.) Cor. If we divide botl^ members of equation (1) by 
i4fV9 we shall have 

d(uv)^du dv 

UV U V 

that is, the differential of the product of two functions^ divided 
by their product^ is equal to the sum of the quotients obUdned 
by dividing the differential of each function by the function 
itself. 

Ex. 1. What is the differential of xy*? 

. Ans. tf^dz+2xydy. 

Ex. 2. What is the difierential of xy ? 

Ans. 

Ex. 3. What is the differential of as^y* ? 

Ans.0 

Ex. 4. What is the differential of aa:*(«'+2J) ? 
* Ans. 

Ex. 5. What is the differential of (x'+a) {2x+b) ? 

Ans. 

Ex. 6. What is the differential of {x*+a) (^x'+b) ? 

Ans. 

' Pbopositiov X. — Theobem. 

(182.) The differential of the product of any number of func- 
tions of the same variable^ is equal to the sum of the products 
obtained by multiplying the differential of each functum by the 
product of the others. 

Let us designate three functions by u, v^ and z, and suppose 
them to depend on the same variable x. Substitute y for t)z, 
and we shall have 



J 
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and d{uvz)^d{uy). 

But, by the preceding Proposition^ 

d(wy) :^ydu+udy ; (I) 

and since y=vZf we have, by the same Proposition* 

dy^zdv+vdz. 

Substituting these values of y and dy in equation (1), it be- 
comes 

d{uvz)^vzdu+uzdv + uvdz. (2) 

The same method is applicable to the product of four or 
more functions. 

(183.) Cor, If we divide both members of equation (2) by 
ttvz, we shall have 

d(uvz)_^4u dv dz 

— - I I 

UVZ U V z 

which is an extension of Art. 181. 

Ex. 1. What is the differential of xy'z f 

Ans. y*zdx+2xyzdy+xy*dz. 

Ex. 2. What is the differential of a:yz*? 

Ans, 

Ex. 3. What is the differential of azyV ? 

Ans. 

Ex. 4. What is the differential of a:(a:*+a) (a: +26) ? 

Afis, 

Ex. 5. What is the differential of ax\x^+a) {x+Sb)l 

Ans. 

Proposition XL — Theorem. 

(184.) The differential of a fraction is equal to the denom- 
inator into the differential of the numerator , minus the numer- 
ator into the differential of the denominator^ divided by the square 
of the denominator. 

u 
Let us designate the fraction by -, and suppose 

u ' . 

-=y. (1) 

then u=vtf. 

I 
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Therefore, by Prop. IX., , 

du=ydv+vdy ; 
whence vdy=du—ydv. (2) 

Substituting in the second member of equation (2) the value 
of y from equation (1), we have 

udv 

vdy^du . 

Dividing by v, we obtain 

, vdu—udo 

that 18, jy =___, 

which was the proposition to be demonstrated. 

(185.) Cor. If the numerator u is constant, its differential 
will be zero, Art. 177, and we shall have 






Ex. 1. What is the differential of-i? 



. 2x^dx-'Sx*y'dy Zxydx—Sz'dy 
Ans* ; , or j ■. 

y y 



Ex. 2. What is the differential of — T 

Ans. 

Ex. 3. What is the differential of—, T 

ax 

A%s. 

Ex. 4. What is the differential of ^-^ ? 

1— a; 

Ans. 

Ex. 5. What is the differential of r-^? 

I— a:* 

Ans. 

Ex. 6. What is the differential of ?j^T 

6*— a;* 

Ans. 



J 

j 
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Proposition XII. — Theorem. 

(186.) To obtain the differential of a variabk affected with 
any exponent whatever^ we must diminish the exponent of the 
power hy unity^ and then multiply by the primitive exponent 
and by the differential of the variable. 

This is the same as Prop. IV., and the demonstration there 
given, being founded on the binomial theorem, may be con- 
sidered sufficiently general, since the binomial theorem is true, 
whether the exponent of the power be positive or negative, 
integral or fractional. This theorem may^ however, be de- 
duced directly from Prop. X. 

Let it be required to find the differential of x", where the ex- 
ponent n may be either positive or negative, integral or frac- 
tional. 

Case first. When n is a positive and whole number. 
of may be considered as the product of n factors each equal 
to X. Hence, by Prop. X., Cor., 

d{7f) d{xxxx . • . •) dx dx dx dx 

n """■ . ~"~ I I "I I t • • » , 

JC J^JCiCtC .... SC X X X 

and since there are n equal factors in the first member of the 
equation, there will be n equal terms in the second ; hence 

d{x'')_ndx 

or d(x")=na;"~*d!r. 

Case second. When n is a positive fraction. 

r 

Represent the fraction by -, and let 

r 

u=a^. 

Raising both members to the power 5, we shall have 

u'=x\ 

and, since r and s are supposed to represent entire numbers, 
we shall have, by the first Case, 

su'^^du=^rxr'^dx ; 

raf"^ rx^^ 
whence we find (?u=— r:r{£r=— ; — dx* 

SX" 

which may be reduced to 
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. r Ui , 
s 

which is of the same form as ruf'^dz^ substituting - for n. 

Case third. When n is negative, either integral or fractional. 
Suppose tt=a:"^, 

which may be written tt=-j. 

Differentiating by* Prop. XL, Cor., we have 

du=— H — ; 

and differentiating the numerator by Case first, or by Case 
second, if n represents a fraction, we have 



rfu=' 



X- 



or, subtracting the exponent 2n from n~l, we have 

which is of the same form as naf*~-dXf by substituting — » for +n. 

Proposition XII. may, therefore, be considered general, what- 
ever be the exponent of x. 

Ex. I. What is the differential of asBT^'l 

Ans. aln+l)3^dx. 

a ^ 
Ex. 2. What is the diflferential of ^x'+c? 



Ans* 
Ex. 3. What is the differential of aU'x^ ? 

-4.71*. 

Ex. 4. What is the differential of te*? 

Ans, 
Ex. 5. What is the differential of cx~* ? 

Ans. 

Ex. 6. What is the differential oiz^yK^ ? 

Ans. 

Ex. 7. If the area of a square increase uniformly at the rate 
of tV ^^ ^ square inch per second, at what rate is the side in- 
creasing when the area is 100 square inches ? 

Ana. 



I 
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Ex. 8. If the solidity of a cube increase uniformly at the 
rate of a cubic inch per second, at what rate is the edge in- 
creasing when the solid becomes a cubic foot ? 

Ans. 

Proposition XIII. — ^Theohem. 

(187.) The differential of the square root of a variable quan- 
tity, is equal to ths differential of that quantity divided by twice 
the radical. 

Let irbe required to find the differential of 

y/Xj or X , 

According to the preceding Proposition, 

1 1 1 

d(x^)=\x^ dxt 

=ix~^dx, 

dx 
which may be written 



2V« 
Ex. 1. What is the differential of VaPl 



. Bax*dx ,44, 
Ans» — =E=, or ^a'x^dx. 

2 Vax* 



Ex. 2. What is the differential of Vabx' ? 

Ans. 

I Rx. 3. What is the differential of VaP ? 

I Ans* 

I 

I ^ x • 

I Ex. 4. What is the differential ofay/x—-! 

Ans. 

Ex. 6. What is the differential of y/ax+ VcV ? 

Ans. 

Proposition XIV. — Theorem. 

(188.) To obtain the differential of a polynomial raised to any 
power^ we must diminish the exponent of the power by unity, 
and then multiply by the primitive exponent and by the differ- 
ential of the polynomial. 

Let it be required to differentiate the function 

u^{ax+x*)\ 



■■X 



1 
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Sabstitute y for ox +^'9 and we have 

Whence, by Prop. XIL, du=nt/'''^dy. 
Restoring the value of y, we have 

which is conformable to the Proposition. 

The differentiation of ax+x* is here only indicated. If we 
actually perform it, we shall have 

du=n(ax+x*)'^^(a+2x)dx. 

Ex. 1. What is the differential of Va+bx' 1 

bxdx 
Ans. ' : . 

yTa+Bs? 

Ex. 2. What is the differential of {ax^+xy T 

Atis, 

Ex. 3. What is the differential of ^oz+te'+cx'? 

Ans. 

Ex. 4. What is the differential of {ax-xy ? 

Ans. 

Ex. 5. What IS the differential of {a+hxyi 

Ans, 
1 
Ex. 6. What is the differential of {a+x^ft 

Arts* 

Ex. 7. If X increase uniformly at the rate of ji^ of an Inch 
per second, at what rate is the expression (1 +xY increasing 
when X equals inches ? Ans. 

(189.) By the application of the preceding principles, com- 
plicated algebraic functions may be differentiated. 

Ex. 8. What is the differential of the function «=— r~i? 

a+x* 

According to Prop. XL, 

(a+x*)dx—2x{a-{'x)dx 

*'"= (^+^r ' 

which may be reduced to 

{a'-2dx—x^dx 

du= 7 — ; — 575 • 

{a+xy 

Ex. 9. Differentiate the function «= Vx*+dy/x, 

Ans, 
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(b+xY 
Ex. 10. Differentiate the function m=^ -. 



X 

Ans. 



Ex. 11. Differentiate the function tt= 



x' 



{a+xY 
Ans. 



Ex. 12. Differentiate the function tf= aw 

Ans, 

Ex. 13.. If the side of an equilateral triangle increase uni- 
formly at the rate of half an inch per second, at what rate is 
its perpendicular increasing when its side is equal to 8 inches ? 

Ans. —r inch per second. 
4 

Ex. 14. If the side of an equilateral triangle increase uni- 
formly at the rate of half an inch per second, at what rate is 
the area increasing when the side becomes 8 inches ? 

Ans. 2v/3 inches per second. 

Ex. 15. If a circular plate of metal expand by heat so that 
its diameter increases uniformly at the rate of ^^-^ of an inch 
per second, at what rate is its surface increasing when the di- 
ameter is exactly two inches 7 

Ans. Yjrrr inch per second. 

Ex. 16. If a circular plate expand so that its area increases 
uniformly at the rate of ^V o^ & square inch per second, at what 
rate is its diameter increasing when the area of the circle is 
exactly a square inch 7 

r 

Ans. --T — inch per second. 
50 v/^ 

Ex. 17. If the diameter of a spherical soap bubble increases 
uniformly at the rate of tV ^^ ^^ inch per second, at what rate 
is its capacity increasing at the moment the diameter becomes 
two inches 7 

Ans. - inch per second. 

Ex. 18. If the capacity of a spherical soap bubble increases 
uniformly at the rate of two cubic inches per second, at what 
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rate is the diameter increasiDg at the moment it becomes two 
jricbes? 

Ams. - inch per second. 

Ex. 19. A boy standing on the top of a tower whose height 
is 60 feet, observed another boy running toward the foot of the 
tower at the rate of five miles an hour on the horizontal plane ; 
at what rate is he approaching the first when he is 80 feet from 
the foot of the tower ? 

Ans. 4 miles an hour. 

Ez« 20. If the diameter of a circular plate expand uniformly 

at the rate of y^ of an inch per second, what is the diameter 

of the circle when its area is expanding at the rate of a square 

inch per second t 

A 20. . 
An$. — mches. 

Ex. 21. If the diameter of a sphere increase uniformly at the 
rate of j\ of an inch per second, what is its diameter when 
the capacity is increasing at the rate of five cubic inches per 
second T 

Ans. — inches. 

Ex. 22. If the diameter of the base of a cone increase uni- 
formly at the rate of tV inch per second, at what rate is its 
solidity increasing when the diameter of the base becomes 10 
inches, the height being constantly one foot ? 

Ans. 2n inches per second. 



SBCTIOH II. 

OF SUCCESSIVE DIPFERENTIALS — MACLAURIN'S THEOREM — 
TAYLOR'S THEOREM — FUNCTIONS OF SEVERAL INDEPEND- 
ENT VARIABLES. 

(190.) Since the differentials of all expressions which con> 
tain X raised to any power, also contain x raised to the next 
inferior power, Art. 186, we may consider the differential co- 
efficient of a function as a new function, and determine its dif- 
ferential accordingly. We thus obtain the second differential 
coejficient. 

! For example, if u^ax\ 

du 

dx 

i 

Now since 3ax* contains x, we may differentiate it as a new 
function, and we obtain 

rdu\ 
di-z- J =6axdx. 

But, since dx is supposed to be a constant, 



(i)= 



d{du)^d*u 
dx "^ dx ^ 



the symbol d*u (which is read second differential of u) being 
used to indicate that the function u has been differentiated 
twice, or that we have taken the differential of the differential 
of u. Hence 

-j—^Saxdx; 
dx 

or, dividing each side by dx, 

d'u ^ 

dx* "*' 

where dx* represents the square of the differential of Xf and not 
the differential of x*. 

The expression 6ax being the differential coefficient of the 



' 
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first diflbrential coefficient, is called the second differential co- 
ejfficienL 

Again, since 6ax contains x^ we may differentiate it as a 
new function, and we obtain 

(Pu 

or, dividing each side by dx, 

tPu 

which is the differential coefficient of the second differential 
coefficient, and is called the third differential coefficient. 

dPu 

The third differential coefficient ^-; is read third differential 

dx* 

of Uf divided by the cube of the differential of x. 

As the expression 6a does not contain x, the differentiation 
can be carried no further, and we find the function u=ax' has 
three difierential coefficients. Other functions may have a 
greater number of differential coefficients. 

The learner must not confound d^u with du\ the former de- 
noting the differential of the differential of u , and the latter the 
square of the differential ofu. 

Ex. 1. Determine the successive differentials ofax^. 
Ex. 2. Determine the successive differentials of (a+x*)\ 

MACLAURIN'S THEOREM. 

(191.) Maclaurin's theorem explains the method of develop- 
ing into a series any function of a single variable. 

PaoposmoN I. — Theorem op Maclaurin. 

If u represent a function of x which it is possible to develop in 
a series of positive ascending powers of that variable, then will 
that development be 

where the brackets indicate the values which the inclosed func- 
tions assume when x equals zero. 

Let u represent any function of x, as, for example, (a+x)\ 
and let us suppose that this function, when expanded, will con- 



■^ 



k: 
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tain the ascending powers of x, and coefficients not containing 
.T» which are to be determined. Let these coefficients be rep- 
resented by Ay B, Cy etc., then we shall have 

u=A+Bz+Cx*+J)x*+Ex*+, etc. (1) 

If we differentiate this equation, and divide both sides by dx, 

we obtain 

dti 

— =B+2Ca:+3Dx'+4Ea;*+, etc. 

ax 

If we continue to differentiate, and divide by dx^ it is ob- 
vious that the coefficients A, B, C, etc., will disappear in suc- 
cession, and the result will be as follows : 

d*u 

3-T=2C+2.3Da:+ 3.4Ea:'+, etc., 

ax 

^= 2.3D -h2.3.4Ea? +, etc., 

eic, exc. 

Represent by (u) what u becomes when x=0. 

Represent by ( -p ) what -r- becomes when x=0. 

Represent by ( 3^ ) what -r-7 becomes when a:=0, 

and so on ; the preceding equations furnish us 

{u) =A, 

(S) ="" • 

whence we see 

A=W.B=(|).C=i(S),P=i(g).... 

Substituting these values in equation (1), it becomes 
,^ /dit\ fd^u\x^ /'d'u\x* 

which is Maclaurin's theorem* 

(192.) Ex^ L Expand {a+xY into a serieid. 
When x=:0, this function reduces to a\ 

Hence (u)=tt. 



+w;2:3' *>**•' 
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By difTerentiatioDy we obtain 

du 

which becomes, when x^O, 



Hence 



(S)--- 



Also, ^=^(^_ 1) (a+x)-*, 

which becomes, when x=0» 

n(n— l)a. 

Also, ^~^(^""^) (»— 2) (a+x)""*, 

which becomes, when x=0, 

«(n-l) (11-2)0-*. 
Substituting these values in M aclaurin's theorem, we have 

(a+x)"=a"+na— *x+^^^^~-^"-^x*+, etc., 
which is the same as found by the Binomial theorem. 

Ex. 2. Develop into a series the function «*=~t~* 

By differentiation, we find 

du _ 1 
dx ~ (a+x)*' 

(fl£_ 2 

£&•" (a+x)*' 
<ftt_ 2.3 
£fe''""(tf+xV 

■»» 1 . ^ . 1 1 « ..^l* i*^^ r^^ X 

Makmg x=0, m the values of v, of -j-, of ^, of ^, etc., we 
find 

Substituting these values in Maclaurin's theorem, we obtain 

1 1 X X* X* 



a+x a a 



.^ 
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Ex. S. Develop into a series the function 73—. 

Ex. 4. Develop into a series the function Va+x^ 

^nx. a H — a a:— — a "a: 4---^ — a *a: — , etc. 
2 2:4^ 2^6^ 

Ex. 5. Expand into a series (a— x)"'. 
Ans. 

Ex. 6. Expand into a series {a+x)~*, 

Atis, a"^— 3a"^x+6a~V— 10a~V+15a"V-, etc. 

(193.) When in the application of Maclaurin's theorem the 
variable x is made equal to 0, the function i£, or some of its 
differential coefficients, may become infinite. Such functions 
can not be developed by Maclaurin's theorem. 

Thusy if we have 

w=log. X, tt=cot. Xf or w=-, 

when we make x=0,u becomes equal to infinity. 

Also, if we have v=«a: , 

the first differential coefficient is 

du_^ a 

which becomes infinite when x is made equal to zero* 

Hence neither of these functions can be developed by Mac- 
laurin's theorem. 

TAJLOR'S THEOREM. 

(194.) Taylor's theorem explains the method of developing 
into a series a function of the sum or difference of two variables. 

The following principle is assumed in the demonstration of 
Taylor's theorem. 

Proposition II.— Theorem. 

If we have a function of the sum or difference of two varia- 
bles^ X and y, the differential coefficient will be the same, if we 
suppose X to vary and y to remain constant , as when we suppose 
Y to vary and x to remain constant. 

Thutf, let u={x+yy. 
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If we suppose x to vary and y to remain constant, we have 

du 

and if we suppose y to vary and x to remain constant, we have 

du 

the same as under the first supposition. 

PROPOsiTiopr III.-^Tatlor's Theorem. 

(195.) Any function of the sum of two variables may be de- 
velcped into a series of the following form : 

F(x+y)=«+^+^ j^+^i43+, etc. 

where u represents the value Of the function when y=0. 

Let u' be a function of x+y^ which we will suppose to be 
developed into a series, and arranged according to the powers 
of y, so that we have 

u'=F{x+y)=A+By+Cy*+Dy'+, etc., (1) 

where A, B, C, D, etc., are independent of y, but dependent 
upon x and upon the constants which enter the primitive func- 
tion. It is now required to find such values for A, B, C, D, 
etc., as shall render the development true for all possible 
values which may be attributed to x and y. 

If we difierentiate under the supposition that x varies and y 
remains constant, we shall have 

du' dA dB dC , rfD , , 

If we difierentiate under the supposition that y varies and x 
remains constant, we shall have 

du' 
y-=B+2Cy+3Dy'+, etc. 

But, by the preceding Proposition, 

du' _dv! 
dx dy' 

Hence we must have s 

^+^y+&'+' ®^" =B+2Cy+3Dy'+, etc., 



Taylor's Theo&em. 143 

and since the coefHcients of the series are independent of y, 
and the equality exists whatever be the value of y, it follows 
that the terms involvmg the same powers of y in the two mem- 
bers are respectively equal (Algebra, Art. 300). Therefore, 

g=»C. (S) 

^=3D,etc. (4) 

If in equation (1) we make y=0, function oix+y will reduce 
to function oix^ which we will denote by u. Therefore 

A=tt. 

Substituting this value of A in equation (2)9 we have 

^ du 
ax 
Substituting this value of B in equation (3), we have 

S?C=g; whence C=^. 

Substituting this value of C in equation (4), we have 

8D=jr-j-i ; whence D=; 



2dir«' 2.3(ic'" 

Substituting these values of A, B, C, D in equation (1), we 
have Taylor's formula, 

where the first term pf the series, n, represents what the func- 
tion to be developed becomes when the variable, according to 
the ascending powers of which the series is arranged, is made 
equal to zero. 

In a similar manner, we find the development of Fix—y) 
to be 

«'=Ffe-y)=„-^+_ iL__ _!_+ etc. 

(106.) Ex. 1. Required the development of the function 

u'={x+y)\ 
Making y=0, we obtain «=2;', and thence, by diflfereotiation, 
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^=«(»-l) (Ji-2)x^;etc 
These values being sobstitnted in the formula, give 

etc. 

the same as found by the Binomial theorem. 

Ex. 2« Required the development of the function 

«'= Vx+y. 

Ex. 3« Required the development of the function 

t£'=Vx+y. 
, X . xl i 1 -I 2 -1 . 2.5 -4 , 

An^. « =(«+y) =« +3« y-g;^^: y +3-g^x y-, etc. 

(197.) Although the general development of every function 
of x+y is correctly given by Taylor's theorem, particular 
values may sometimes be assigned to the variables which shall 
render this form of development impossible; and this impos- 
sibility will be indicated by some of the coeffidents in Taylor's 
theorem becoming infinite. Thus, if we have 

u'=a+(b-x+y)\ . 

1 
u =a+(6— x)^. 

Therefore, 3-= r, 

^ 2(6-x)* 

, cTu I 

and 



eic, etc., 

in which all the differential coefficients will become equal to 
infinity, when we make z=b. 
■ So, also, if we have 

j tt'=a+(i— a:+y)% 

in which n is a whole number, all the differential coefficients 
I will become infinite when we make x=:b, 

I The supposition that x=fr reduces the above equation to 



1 
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and tt =a, 

where u' and u are expressed under different forms ; and, in 
general, when the proposed function changes its form by at- 
tributing particular values to the variables, the development 
can not be made by Taylor's theorem. 

DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE INDEPEND- 
ENT VARIABLES. 

(198.) Let tt be a function of two independent variables x 
and y ; then, since in consequence of this independence, how- 
ever either be supposed to vary, the other will remain un- 
changed, the function ought to furnish two differential coeffi- 
cients ; the one arising from ascribing a variation to x^ and thtu 
other from ascribing a variation toy; y entering the first co- 
efficient as if it were a constant, and x entering the second as 
if it were a constant. 

If we suppose y to remain constant and x to vary, the dif- 
ferential coefficient will be 

du 

and if we suppose x to remain constant and y to vary, the dif- 
ferential coefficient will be 

du 

dy 

(199.) The differential coefficients which are obtained under 
these suppositions are called partial differential coefficients. 
The first is the partial differential coefficient with respect to x, 
and the second with respect to y. 

If we multiply the several partial differential coefficients by 
dx and dy, we obtain 

du . du , 

which are called partial differentials ; the first is a partial dif- 
ferential with respect to x, and the second a partial dififerential 
with respect to y. 

The differential which is obtained under the supposition that 
both the variables have changed their values, is called the total 
differential of the function ; that is, 

K 
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(200.) If we have a function of three variables, x, y, and z, 
we should necessarily have as many independent difierentials, 
of which the aggregate would be the total differential of the 
function ; that is, 

Hence, whether the variables are dependent or independent, 
we conclude that the takU difanential of afttnction of any num- 
ber of variables is the sum of tke several partial dijferentials^ 
arising from differentiating tke function relatively to each varia- 
ble in succession^ as if all the others were constants, 

Ex. 1. If one side of a rectangle increase at the rate of 1 
inch per second, and the other at the rate of 3 inches, at what 
rate is the area increasing when the first side becomes 8 inches, 
and the last 12 inches ? 

Jliis, 28 inches per second. 

Ex. 2. If one side of a rectangle increase at the rate of 2 
inches per second, and the other diminish at the rate of 3 inches 
per second, at what rate is the area increasing or diminishing 
when the first side becomes 10 inches, and the second 8 ? 

Ans. 

Ex. 3. If the major axis of an ellipse increase uniformly at 
the rate of 2 inches per second, and the minor axis at the rate 
of 3 inches, at what rate is the area increasing when the major 
axis becomes 20 inches, the minor axis at the same instant be- 
ing 12 inches ? 

Ans. 2ln inches. 

Ex. 4. If the altitude of a cone diminishes at the rate of 3 
inches per second, and the diameter of the base increases at 
the rate of 1 inch per second, at what rate does the solidity 
vary when the altitude becomes 18 inches, the diameter of the 
base at the same instant being 10 inches ? 

Ans. 




SECTION III. 

SIGNIFICATION OF THE FIRST IHFFERENTIAL COEFnCIEMT*- 
MAXIMA AND MlimU OF FUNCTIONS. 

Peoposition I. — Theoebm. 

(201.) The tangent of the angk which a tangent line at any 
point of a curiae makes with the axis of abscissas^ is equal to the 
first differential coefficient of the ordinate of the curve. 

Let CPP' be a curve, aod P any 
point of it whose co-ordinates are p 

X and y. Increase the abscissa 
CR or X by the arbitrary incre- 
ment RR', which we will repre- 
sent by h ; denote the correspond* ^ •*' ^ 
ing ordinate FR' by y*^ and draw the secant line SPF. Then 

FD=FR'-PR=5y'-.y. 

But from the triangle PDF we have 

PD;FD;:1 :tang,S=p^; 

and, substituting fojrP'D and FD their values, we have 

^—^^tang. S, 

which expresses the ratio of the increment of y to that of x. 
In order to find the differential coefficient of y with respect to 
x^ we must find the limit of this ratio by making the increment 
equal to zero. Art. 174. 

Now if A be diminished, the point P' approaches P, the Secant 
SP approaches the tangent TP; and, finally, when A=0, the 
point P' coincides with I^ and the secant with the tangent. 
In this case we have 

|=tang.T. 
(202.) If it is required to find the point of a given curve at 
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which the tangent line makes a given angle with the axis of X, 
we most put the first differential coefficient equal to the tangent 
of the given angle. If we represent this tangent by a, we 
must have 

dy 

and this, combined with the equation of the curve, will give the 
values of x and y for the required point. 

Ex. It is required to find the point on a parabola, at which 
the tangent line makes an angle of 45^ with the axis. 
The equation of the parabola, Art 50, is 

y'=2px. 

Difibrentiating, we obtain 

or •3"=~- 

dx y 

But siAce tang. 45^ equals radius or unitv, we have 

£=l,or;>=y. 
Whence, from the equation y^s=2px9 we find 

2 

Hence the required tangent passes through the extremity of 
the ordinate drawn from the focus. 
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OF THE MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE 

VARIABLE. 

(203.) If a variable quantity gradually increase, and, after it 
has reached a certain magnitude, gradually decrease, ^t the 
end of its increase it is called a maximum. 

Thus, if a line P'R', moving from A 
along AB so as to be always at right 
angles to AB, gradually increases until 
it comes into the position PR, and after 

that gradually decreases, the line is ^ 

said to be a maximum, or at its greatest ^ B. Bf' 

value, when it comes into the position PR. 

(204.) If a variable quantity gradually decrease, and, after 
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it has attained a certain magnitude, gradually increases* at the 
end of its decrease it is called a minimum. 

Thus, if a line F'R', moving from A 
along AB, gradually decreases until it 
comes into the position PR, and after 
that gradually increases, the line is said 
to be a minimum, or at its least vahie, 
when it comes into the position PR. ** K R BT 

(205.) If tf be a function of x, and if x be decreased by a 
small quantity so as to give the next preceding value to u, 
denoted by u', and then increased by the same quantity so as 
to give the next succeeding value u''; if u be greater than both 
tt and u'\ it will be a maximum ; if u be less than both u' and 
u", it will be a minimum. 

Hence the maximvm value of a variable function exceeds those 
values which immediately precede and follow itj and the mini- 
mum value of a variable function is less than those values which 
immediately precede and follow it. \ 

(206.) We have seen. Art. 201, that if y represents the or- 
dinate, and X the abscissa of any curve, the tangent of the an- 
gle which the tangent line forms with the axis of abscissas, will 
be represented by 

dy 

dx 

If PR becomes a maximum, the tan- ^ 

gent TP, being theh parallel with the axis x- 
of abscissas, makes no angle with this 
axist and we have 



T 
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dx 

If PR becomes a minimum, the tangent 
TP, being then parallel with the axis of 
abscissas, makes no angle with this axis, 
and we have 

dx 

V Thu^, the equation ;r^=0 simply expresses the condition that 
the tangent at P is parallel with the axis of abscissas ; und, 
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conseqaently, the ordinate to that point of the curve most be 
either at its maximum or minimum value. 

{207.) In order, therefore, to determine whether a function 
has a maximum or a minimum value, we make its first differ- 
ential coefficient, -p, equal to zero, and find the value of x in 

this equation. Represent this root by a. Then substitute suc- 
cessively for X in the given function a+h and a— A. If both 
the results are less than the one obtained by substituting Of this 
value will be a maximum ; if both results are greater, tins value 
will be a minimum. 

Ex. 1. Find the value of z which will render u a maximum 
in the equation 

«=10x— x\ 
Differentiating, we obtain 

du 
ax 

Putting this differential coefficient equal to zero, We have 

lO-Sx-O. 

Whence x=5. 

Let us now substitute for x in the given function 5, 5—1 
and 5+1 successively. 

Substituting 4 for a:, we have v' =40—16=24. 

** 6 « a:, ** u -60-25=^26. 

6 « a?, « tt"=60-36=24. 

The results of the substitution of 5—1 and 5+1 for x are 
both less* than that obtained by substituting 6. Hence the 
function u is a maximum when j:=5. 

Ex. 2. Find the value of x which will render u a minimum 
in the equation 

w=a:*— iac+70. 
Differentiating, we obtain 

du 

:r-=2a:-16. 

dx 

Putting this equal to zero, we have 

2x-16=0. 
Whence a:=8. 
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Let us now substitute for x in the given function 8, 8—1 
and 8+1 successively. 

Substituting 7 for x, u' =49-112+70=7. 
" 8 *• X, M =64-128+70=6. 

** 9 •* ar,tt"=81- 144+70=7. 

The results of the substitution, of 8—1 and 8+1 for x are 
both greater than that obtained by substituting 6. Hence the 
function u is a minimum when 2; =8. 

(208.) A general method of determining maxima and mini- 
ma of functions of a single variable, may be deduced from 
Taylor's theorem, Art. 196. 

Suppose we have w=F(x), 

and let the variable x be first increased by A, and then dimin- 
ished by h ; and let 

t*'=F(a:-A), tt"=F(ar+A) ; 
then, by Taylor's theorem, we shall have 

« -«=-^A+^ U-dP l^Z+' **^' 

No^in order that u may be a maximum, it must be greater 
than both u* and u" ; that is, the second members of the above 
equations for an infinitely small value of h must be negative ; 
and in order that u may be a minimum, it miist be less than 
both u' and u" ; that is, the second member of the above equa- 
tions for an infinitely small value of A must be positive. Now 
when h is infinitely small, the signs of the series will be the 
same as the signs of their first terms. But these terms have; 
contrary signs ; hence the function u can have neither a maxi- 
mum nor a minimum, unleds the first term of each series be 
zero, which requires that 

and the roots of this equation will give all the values of x which 
can render the function u either a maximum or a minimum. 

Having made the first differential coefiicient equal to zero, 
the signs of the series will depend on the sign of the second 
difierential coefiicient. 
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If the secood cLfiereDtlal coefficient is negative, the function 
is a njaxiiBum ; if positive, a minimum. 

If the second diderent«al coefficient reduces to zero, the 
signs of the series will again be opposite, and there can neither 
be a maximum nor a minimum unless the third differential co- 
efficient reduces to zero, in which case the signs will be the 
same as that of the fourth difierential coefficient. 

(209.) Hence, in order to find the values of x which will 
render the proposed function a maximum or a minimum, we 
have the following 

Fimd the first differential coeficient of ihefunction^ and place 
it equal to zero. 

Substitute each of the roots of the equatiom thusformedj in the 
second differential coeffcienL Each one which gives a negative 
result willj when substituted in thefunctionj make it a maximum^ 
and each which gives a positive result will make it a minimum. 

If either root reduces the second differential coefficient to zero, 
substitute in the third, fourth, etc,, until one is found which does 
not reduce to zero. If this differential coefficient be of an odd 
order, this root will not render the function either a maximum 
or a minimum. But if it be of an even order and negative, the 
function will be a maximum ; if positive, a minimum. 

Ex. 1. Find the values of a; which will render u a maximum 
or a minimum in the equation 

a=x'— ac'— 24a:4-85. 
Differentiating, we obtain 

du 

:T-=3x*-ai:-24. 
dx 

Placing this equation to zero, we have 

3a:'-6a:-24=0, 
or x'— 2x— 8=0, 

the roots of which are +4 and —2. 
The second difierential coefficient is 

Substituting 4 for x in the second differential coefficient, the 
result is +18, which, being positive, indicates a minimum ; sub- 
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13, 

5 minimum* 
15, 



stituting —2 for x, the result is —18, which, being negative, in- 
dicates a maximum. 

Hence the proposed function has a maximum value when 
a:=— 2, and a minimum value when x=4. 

This result may be illustrated by assuming a series of values 
for X, and computing the corresponding values of u. Thus, 

Ifa:=-4, ii= 69, 
a:=—3, tt=103, 
x=— 2, w=113 maximum. 
a:=— 1, tt=105, 
x=- 0, ?i= 86> 
a:=+l, tt== 59, 
a:=+2, tt= 33, 
a:=+3, «= 
x=+4, v= 
a:=+6, w= 
a:=+6, «= 49. 

Thus it is seen that the value of the function iticreases, while 
X increases from —4 to —2 ; it then decreases till x=4, and 
after that it increases again uninterruptedly, and will continue 
to do so till X equals infinity. This peculiarity may be illus- 
trated by a figure. 

If we assume the different 
values of x to represent the 
abscissas of a curve, and erect 
ordinates equal to the corre- 
sponding values of 2^, the curve 
line which passes through the 
extremities of all the ordinates, 
will be of the form represented 
in the annexed figure, where 
it is evident that the ordinates 
attain a maximum corresponding to the abscissa —2, and a 
minimum corresponding to the abscissa 4. 

Ex. 2. Find the values of x which will render u a maximum 
or a minimum in the equation 

tt=x'— 18x'+9to-20. 

Ans* x==4 renders the function a maximum, and x»8 renders 
it a minimum. 



-5 -4 -3 -a -1 
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Ex. 3.* Find the values of x which will render u a maximum 
or a minimum in the equation 

Ans. This function has a maximum value when x=5, and a 
minimum value when z^l. 

Illustrate these results by a figure, as in the preceding ex- 
ample. 

Ex. 4. Find the values of « which will render u a maximum 
or a minimum in the equation 

w=a:*- 16a:*+88a:'- 192a;+ 150. 

Ans, This function has a maximum value when x=4^ and a 
minimum value when x=2 or 6. 

If we assume a series of values for x, we shall obtain the 
corresponding values of u as follows : 

If a:=l, u= 31, 

x^2f tt= 6 minimum. 

a:=3, tt= 15, 

x=^4f u= 22 maximum. 

x=5f tt= 15, 

:r=6,' tt= 6 minimum. 

ar=^7, w= 31, 

a:=8, tt=150. 

The curve representing these 
values has the form represented 
in the annexed jSgure, where two 
minima are seen corresponding 
to the abscissas 2 and 6, and a 
maximum corresponding to the 
abscissa 4. 

Ex. 5. Find the values of x 

which will render u a maximum 

or a minimum in the equation 

700 
u-x'-25x*+-^-x*- I000ar*+ 1920a:- 1 100. 

Ans. This function has two maximum values corresponding 
to x=^2 and a:=6, and two minimum values corresponding to 
x=4 and a:=8. 

(210.) The following principles will often enable us to abridge 
the process of finding maxima and minima: 
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1. If the proposed function is multiplied or divided by a con- 
stant quantity, the same values of x which render the function 
a maximum or a minimum, will also render the product or 
quotient a maximum or minimum ; hence a constant factor 
may be omitted. 

2. Whatever value of x renders a function a maximum or a 
minimum, must obviously render its square, cube, and every 
other power a maximum or a minimum ; and hence, if a func- 
tion is under a radical^ the radical may be omitted. 

In the solution of problems of maxima and minima, we must 
obtain an algebraic expression for the quantity whose maxi- 
mum or minimum state is required, find its first difierential co- 
eflicient, and place this equal to zero ; from which equation 
the value of the variable x, corresponding to a maximum or a 
minimum, .will be obtained. 

(211.) The following examples will illustrate these principles : 

Ex. 1. It is required to find the maximum rectangle which 
can be inscribed in a given triangle. 

Let b represent the base of the trian- 
gle ABC, h its altitude, and x the alti- 
tude of the inscribed rectangle. Then, 
by similar triangles, we have 

CD: CG ::AB:EF, 
or A : h—x : : 6 : EP. 

Hence EF=T{h-x). 

Therefore the area of the rectangle is equal to EFxGD, 

or j{hx—x*)9 

which is to be a maximum. 
But since t is a constant, the quantity hx^x* will also be a 

maximum, Art. 210. 

du 
Hence -— =A— 2a:=0, 

ax 




or 



^=2- 



Hence the altitude of the rectangle is equal to half the alti- 
tude of the triangle. 
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Ex. 2. What is the altitude of a cylinder inscribed in a given 
right cone when the solidity of the cylinder is a maximum ? 

Let a represent the height of the cone, h 
the radios of its base, and x the altitude of 
the inscribed cylinder. Then, by similar 
triangles, we have 

AD : BD : : A£ : EF, 
or a : J : : a— x : EF. 



Hence 



EF=-(a-:r). 

or ' 




Now the area of a circle whose radios is R is ttR' ((Teom., 
Prop. XIIL, Cor. 3, B. YL). Hence the area of a circle whose 
radios is EF is 

Multiplying this sorface by DE, the height of the cylinder, 
we obtain its solidity, 

which is to be a maximum. 
Neglecting the constant factor —7-, we have 

u=x{a^xy=a*x^2ax*+z\ a maximum. 

Differentiating, we have 

du 

--=a*— 4ar+3x"=0, 

ax 

where x may equal a or ia. 

The second difierential coefficient is 



tTu 



The value x=a reduces the second differential coefficient to 
a positive quantity, indicating a minimum; the value x^^a 
reduces this coefficient to a negative quantity, indicating a 
maximum ; that is, the height of the greatest cylinder is one 
third the altitude of the cone. 

Ex. 3, What is the altitude of the maximum rectangle which 
can be inscribed in a given parabola ? 



I 

J 
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Put AD=a and AE=a; ; then, by 

the equation of the parabola y^^2pXf 

we have 

GE'=2px. 

Hence GE= '/2p5, and GH=2 ^/2pa:• 
Therefore the area of GHKI is 

2 y/2px{a—x\ which is a maximum^ B, 
or i/x{a'-x) is a noiaximum. 

Hence u—car-^x^, 

du 




And 



Hence 






i 



ar*, 



or a=SXf and a:=}a. 

Consequently the altitude of the maximum rectangle is two 
thirds of the axis of the parabola* 

There is a parabola whose abscissa is 9, and double ordi- 
nate 16 ; required the sides of the greatest rectangle which 
can be inscribed in it. Ans. 

Ex. 4. What is the length of the axis of the maximum parab- 
ola which can be cut from a given right cone 7 

Put BC=a, AB=6,and CE=ar, then BE^=a- x,FE^V ax-z\ 
Geom., Prop. XXIL, Cor., B. IV., and FG=2 ^ax-x^. 

By similar triangles we have ^ 

hx 
axhwxx DE= — . 

a 

Hence the area of the parabola. Art. 65, is 

2 hx . . 

-. — .2 voa;— a:', a maximum. 

3 a 

Hence we find x^\a^ 

and DE=— =|&; 

a 

that is, the axis of the maximum parabola 

is three fourths the side of the cone. 

Ex. 5. Divide a into two parts such that the least part, mul- 
tiplied by the square of the greatest, may be a maximum. 

. a 2a 
Ans, — and — . 




I5S DiFFBRBKTIAL CaLCULUS. 

Ex. 6. Divide a into two parts such that the least, multiplied 
by the cube of the greatest, may be a maximum. 
Let X represent the greater part, then 

a;'(a— a:)=a maximum, 
and a:=ja. 

Ex. 7. It is required to determine the dimensions of a cylin- 
drical vessel open at top, which has the least surface with a 
given capacity. 

Let c denote the capacity of the vessel, and x the radius of 
the base, the area of the base will be represented by ttx*. 

Hence the height of the cylinder equals — ;. 

c So 

The convex surface of the cylinder is — iX2wx=— . 

^ nx X 

Adding to this the area of the base, we have 

2c 



X 

from which we obtain 



■f TTx', a minimum. 



=v^ 



IT 

Substituting this value of :r in the expression for the height, 

we find the height sy --•; that is, the altitude of the cylinder 

is equal to the radius of the base. 

Ex. 8. Required the altitude of a cone inscribed in a given 
sphere, which shall render the convex sur- 
face of the cone a maximum. 

Let AC=2ii, and AD=a:, then 

X : BD : : BD : 2a-x. 




Whence BD= VSor— a:*. 
Also, X : AB : : AB : 2a. 

Whence AB= y/2ax. 

The convex surface of the cone =Tr V2<m:— a?" '>/2axy 

=7r "/iaV— 2aa;', a maximum. 
Whence x^{a ; 

that is, the altitude of the cone whose convex surface is a ifiax- 
imum, is f of the radius of the sphere. 
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Ex. 9. Required the greatest right-angled triangle which 
can be constructed upon a given line. 

Let a represent the hypotfaenuse AB, and c 

X one of the sides of the triangle, the other 
side will be Va^— a:% and the surface of the 

triangle will be - Va'— x*. 

Whence 2a:*=a". 

Therefore the two aides of the required triangle are equal to 
each other. 

Ex. 10. Required the least triangle which can be formed by 
the radii produced, and a tangent line to the quadrant of a 
given circle. 

Let ABC be the required triangle, and draw q 
AD from the right angle perpendicular to the 
hypothenuse. The area of the triangle ABC 
is equal to ^ADxBC, which will be a mini- 
mum when BC is a minimum, because AD is 
a constant quantity. A B 

Let AD=R, and BD=a: / then, Geom., Prop. XXIL, B. IV., 

BD : AD : : AD : DC, 

^' ^-BD=^- 

R* 
Hence BC=a:+ 




X 

Therefore x=R, and DC=R ; that is, the two sides of the 
required triangle are equal to each other. 

Ex. 11. A right-angled triangle is to contain a given area; 
required the base and perpendicular so that their sum may be 
the least possible. 

Ans. 

Ex. 12. Required the least square which can be inscribed in 
a given square. 

Am. Each angle of the required square is on the middle of 
a side of the given square. 

Ex. 13. Required the sides of the maximum rectangle in- 
scribed in a given circle. 

Ans. Each is equal to R v/2. 
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"Zx. 14. Required the maximoin cooe which can be iu- 

ibed in a given sphere. 

Am. 
■>!. 15. It a required to detennioe the dimcDsioDs of a cyl- 
er which shall contain a cubic foot, and have the least pos- 
e lurfiice, including both ends. 

Am. 
is. 16. A carpenter has a tapering tree of valuable wood, 
diameter of the laiger end being three feet, and that of the 
iller end a foot and a half^ and the length 20 feet; and be 
iheB to cut the largest possible cylinder out of it ; required 
length and diameter of the cylinder T 

Ans. 
ix. 17. A cabinet-maker has a mahogany board, the breadth 
one end being 4 feet, and at the other 2, and its length 10 
t ; and he wishes to cut the largest possible rectangular 
le out of it At what distance from the narrow end must 
« cut ? 

Am. 



SECTION IT. 

OP TRANSCENDENTAL FUNCTIONS. 

(212.) An algebraic ftinction is one in which the relation be- 
tween the function and variable can be expressed by the or- 
dinary operations of algebra, as in the functions hitherto con- 
sidered. 

A transcendental function is one in which the relation be* 
tween the function and variable can not be expressed by the 
ordinary operations of algebra ; as, 

tt=sin. X9 u=tang, x, tt=sec. Xf etc., 

which are called circular functions, 

or tt=Iog. X9 u==a\ 

which are called logarithmic or exponcMlial faiicti6n& 

PaoposiTioir L — Theorem. 

(219*) The differential of a constant quantity raised to a 
power denoted by a variable exponent^ is equal to the power 
multiplied by the Naperian logarithm of the rootf into the differ- 
ential of the exponent 

Let us take the exponential function 
and give to x an increment A, we shall have 

Therefore tt'-tt=a'a»'-a"=aV-l)- (1) 

In order that £^ may be developed into a series by the bi- 
nomial theorem, let us assume 

a^l+K ' 
we shall then have 

a'={l+bY^l+hj+h{h-l)^+h{h-l){h^2)Y^+,eic, 

The second member of this equation consists of a series of 

L 
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terms involving tbe first power of A, together with terms in- 
volving the higher powers. It may, therefore, be vmtten 

~— —+^—. etc.) A+ terms involving higher 

powers of A. 

Let OB put k Hot the expression 

b V V 
~^+3~,etc., 

and we shall have 

a*— 1=AA+ terms involving h\ etc. 
Substituting this value in equation (1), it becomes 
li'— a;=a'iA+ terms in A', etc., 

or — T— =0"*+ terms involving A, etc., 

which expresses the ratio of tbe increment of the function to 
that of the variable, and we must find the limit of this ratio by 
making the increment equal to zero, Art 174; the result will 
be the diflferential coefiicient. Hence 

rfu do" _ 

ax ax 
The symbol k represents a constant quantity depending on 
a, and its value may be found by Maclaurin's theorem* We 
have found 

or 
Hence d\^J==difk-(fVdz. 

Therefore -r-r=a'i*. 

ax* 

*i <?«' 

Also, 'dP^ ' ®^^* 

If in the function tf=a', and the successive dififerential co- 
eflicients thus found, we make x=0, we shall obtain 

<•)=•■ (S) =*•(£)=*•.£=»■.- 

Hence, by substitution. Art. 191, 
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If we now make a;=T, we shall have 

k 

The sum of this series is 2.718282, which is the base of the 
Naperian system of logarithms. Representing it by e, we 
shall have 

i 

or- a =e^. 

Hence the constant quantity k is the Naperian logarithm ofn^ 
which we will denote by log.' a. Hence 

^-o- log.' a, 
or dtf^a*. log.' a.dx. 

Proposition II. — Theorem. 

(214.) The differential of the logarithm of a quantity is equal 
to the modulus of the system^ into the differential of the quantity 
divided by the quantity itself 

According to the preceding Proposition, 

do^^tf log.' a.dx. 

Put w=^€^^ and we find 

. du 

u log/ a ' 

If a be the base of a system of logarithms, then z is the log- 
arithm of tt in that system, and -. — p-. Algebra, Art. 849, is 
the modulus of the system, which we will represent by M. 

Hence (£r=(Z. log. tf=M. — . 

(216.) Cor, For the Naperian system of logarithms M=l, 
and the preceding expression becomes » 

du 

! d. log.'tt= — ; 

i u 

that is, the differential of the Naperian logarithm of a quantity, 
is equal to the differential of the quantity divided by the quan- 
tity itself. 
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Ex. 1. Required the differential of the common logarithm 
of 4825. 

From Art. 214 it appears that if we divide the modulus of 
the system of lognrithms by 4825 (regarding its differential as 
unity), we shall obtain the differential of the logarithm of 4825. 
This division may be performed arithmetically, or by the use 
of logarithms, thus : 

The modulus of the common system is .434294, whose 

logarithm is 9.637784. 

The logarithm of 4825 is 3.683497. 

The difference iff 5.954287. 

The number corresponding to this logarithm is 

.000090, 

which is the difference between the logarithm yof 4825 and 
that of 4826, as is seen in the Table of Logarithms, p. 11. 

Ex. 2. Required the differential of the common logarithm 
of 9651. Aas. .000045. 

Ex. ^ Required the differeotiaL of the common logarithm 
of 5791. Am. .000075. 

Ex. 4. Required the differential of the common logarithm 
of 3810. Ans. .000114. 

(216.) By combining the preceding thdcnrenni with those be- 
fore given, we may differentiate complex, exponential, and 
logarithmic functions. 

In the following examples, Naperian logarithms are sup- 
posed to be employed. If the logarithms are taken in any 
other system, we have merely to multiply the results by the 
modulus of that system. 

Ex. 1. Differentiate the function tt=log. — --, by the rule 

for fractional and that for logarithms. 

2ad^ 
JLns, ""5 r. 

X 

Ex. 2. Differentiate the fimction tt=loff. — 



c^dx 
'^^^' x{a'+xy 
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Ex. 3. Differentiate the function tt=(a'+l)\ 

Ans. 2(1^ (a^+ 1) log. a. dx. 

Ex. 4. Differentiate the function it=' , ,, by the rule for 

fractions and that for exponential functions, and find the no- 
merical rate of increase of the function when a=10, and x 
becomes 2. 



. 20* log. a.dx ^ ^ , , , 
-A-ns. — . , . ,., — =0.045(£c. 



The Naperian logarithm of 10 is 2.302. See Alg., Art 348. 
Ex. 5. Differentiate the function 

in which y and x are both variables. 

If we take the logarithm of each member of this equation, 

we shall have 

log. u=x log. y. 

du dy 

Hence, Art 215, — = log. ydx+x-^^ 

or, by substituting for u its value, we have 

du=rfy*=y' log. ydx+xy'^^dy, 
which is evddently the sum of the differentials which arise by 
differentiating, first under the supposition that x varies and y 
remains constant^ and then under the supposition that y varies 
and X remains constant. 

Ex. 6. Differentiate the function tt=— or I - ) • 

X \x/ 



Ans. [^ (log. ~l)ic. 



DIFFERENTIATION OF CIRCULAR FUNCTIONS. 

Proposition IIL-^Theorem. 

(217.) An arc of a circle not exceeding a quadrant, is greater 
than its sine, and less than its tangent. 

Let AB be an arc of a circle whose sine is BE and tangent 
AD. Take AB' equal to AB, and draw the sine B'E, and the 
tangent D'A. 



1 
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BD 




The chord BB', being a straight line> is 
shorter than the arc BAB'; therefore the 
sine BE, half of BB', is less than the arc B A, 
half of the arc BAB'. Therefore the sine 
is less than the arc. 

Again, the area of the sector ABC is 
measured by 

^ACxarc AB. 

Also, the area of the triangle ADC is measured by 

JACxAD. 

But the sector ABC is less than the triangle ADC, being con- 
tained within it ; hence 

iACxarc AB<iACxAD. 
Consequently arc AB< AD ; 

that is, the arc is less than the tangent 

(218.) Cor. 1. The limit of the ratio of the sine to the a. 

unity; for when the arc h represented by AB becomes zero, 

the ratio of the sine to the tangent is unity. Since, by Trig., 

Art. 28, 

sin. __cos. 

tang.~ R 

But the cosine of is equal to radius ; hence, when A=0» 

sin. A 

tang. A"" * 

and since the arc is always comprised between the sine and 
the tangent, we must have, when we pass to the limit, 

sin. h 

Cor. 2. Since the chord of any 6nite arc is less than the arc, 
but greater than the sine, and we have found that the limiting 
ratio of the sine. to the arc is unity, the limiting ratio of the 
chard to the arc is unity. 

Proposition IV. — Theorem. 

(219.) The differential of the sine of an arc is equal to the co- 
sine of the arCf into the differential of the arc^ divided by radius. 

Let tt==sin. x. 

If we increase z by h, then 



i 
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and tt'— u=Bin. (x+A)— sin. z. (1) 

But by Trig., Art. 75, 

2 

sin. A— sin. B=p sin. |(A— B) cos. i(A+B), (2) 

.Put A=a;+A, and B=ar, equation (2) becomes 

sin. (ar+A)— sin. a:=:g sin, |A cos. (a:+|A). 

Hence equation (1) becomes 

2 

tt'— tt=p sin. \h cos. {x+\hy. 

Dividing both members by A, and both terms of the fraction 
in the second^ member by 2, we have 

tt^— tf _sin. |A COS. (x+^h) 
""^iA~^ R • 



which expresses the ratio of the increment of the function to 
that of the variable, and we must find the limit of this ratio by 
making the increment equal to zero, ArL 174. But in this 
case, according to the last proposition. Cor. 1, 

sin. Ih 
»A 
__ du cos. X 

- _ . COS. xdx 

or au=a sm. x= — ^^ — . 

Ex. 1. Required the differential of the sine of 30°, the differ- 
ences being taken for single minutes. 

The differential of a;, which is T, must be taken in parts of 
radius, which, on p. 150 of the Tables, is found to be .0002909; 

Its logarithm is 6.46372H. 

Theiogarithmcosineof30° is 9.937531 . 

Their sum is . 6.401257 

The natural number corresponding to this logarithm is 

0.000252, 

which, on p. 122 of the Tables, is seen to be the difference be- 
tween the natural sine of 30"^ and the sine of 30° T. 

Ex. 2. Required the differential of the sine of 10** 31'. 

Ans. 0.000286 
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Ex. 3. Required the differential of the sine of 60° 46'. 

Ans. 0.000142. 

Ex. 4. Required the differential of the sine of 80^ 41'. 

Ans. 0.000047. 

Proposition Y. — Tbbobbh. 

(220.) The differential of the cosine of an arc is negative^ and 
is equal to the sine of the arc into the differential of the arc, 
divided by radius. 

Let u^cos. X* 

Then du=^d cos. x=d sin. (90®— x). (1) 

Buty by the last Proposition* 

J . ,^a X COS. (90°-x)rf(90®-a:) 
d sin. (90° -x) = i g^-^ '. 

But COS. (90*^ —x) =sin. x, 

and d(90°— x)=— (ir. 

Hence, by substitution, equation (1) becomes 

sin. xdx 
a cos. a;=— — — p — . 

Cor. Since the versed sine of an arc is equal to radius, minus 

the cosine, we have 

j-^ sm. xdx 

d. versed sm. a:=rf(R— cos. x)= — p — . 

Ex. 1. Required the differential of the cosine of 65° 10'. 

Ans. -0.000264. 

Ex. 2. Required the differential of the cosine of 5° 31'. 

Ans. —0.000028. 

As the arc increases, its cosine diminishes ; hence its differ- 
ential is negative. 

Proposition VI. — Theorem. 

(221.) The differential of the tangent of an arc is equal to the 
square of radius, into the differential of the arc, divided by the 
square of the cosi;ne of the arc. 

r 

Let «=tang. a?. 

«. R sin. a: , . ,^^ 

Since tang. x= , we have, Art 184, 

cos. X 
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R COS. xd sin. 2?— R sin. zd cos. x 
a . tan^. a:= ■ , ■ ■ '^ t 

COS.' X 

(cos.* x+sin.* 3?)dx 
cos.' X 
But cos.' a:+sin.' a:=R\ 

Hence d . tang. «= 1— . 

° cos. X 

Ex. 1. Required the differential of the tangent of 45°. 

Ans. 0.00058. 

Ex. 2. Required the differential of the tangent of 84'' 14'. 

Arts. 0.02890. 



Proposition VII. — Theorem. 

(222.) The differential of the cotangent of an arc is negative, 
and is equal to the square of radius into the differentiai of the 
arcy divided by the square of the sine of the arc* 

Let i«=cot. X. 

du^d cot. x=d tang. (90®— «)• (1) 

But by the last Proposition, 

,^^J X R'd(90°-x) 

dtang. (90°-a:)= rTST;^— A- 

° ^ ' COS.* (90"*— x) 

Also, d(90° — x) = — dc, 

apd COS.* (90°— x>=sin,' z. 

Hence, by substitution, equation (I) becomes 

R'(fe 



d m cot. x= 



sin. X 



Ex, 1. Required the differential of the cotangent of 35° 6'. 

Am. 0.00088. 

Ex. 2. Required the differential of the cotangent of 9° 35'. 

Ans. 0.01048. 

The preceding are the differentials of the natural sines, tan- 
gents, etc. The differentials of the logarithmic sines and tan- 
gents may be found by combining Proposition U. with the pre- 
ceding. 
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Proposition VIII. — ^Theoreil 

(223.) The differential of the logarithmic' sine of an arc^ is 
equal to the modulus of the system into the differential of the arc, 
divided by the tangent of the arc. 

By Proposition II., 

Md sio. X M cos. xdx 

d Joe. sin. ic= — : = — 55 — : . 

° sin. X K sm. x 

R sin X 

But Trig., Alt. 28, tang. x= '—. 

cos* x» 

Hence d log. sin. x=- . 

° tang, x 

Ex. 1. Required the differential of the logarithmic sine of 
10' SO^S the difference being taken for single seconds. 

The differential of x, which is 1", must be taken in parts of 
radius, which, on p. 150 of Tables, is found to be .00000^85. 

Its logarithm is ... . 4.685575. 
The modulus M log. . . 9.637784. 

Hdx 4.323359. 

tang. 10' 30" 7.484917 . 

0.000689=6.838442. 

Therefore 0.000689 is the difference between the logarithmic 
sine of 10' 30'^ and 10' 31", which corresponds with p. 22 of 
the Tables. 

Ex. 2. Required the differential of the log. sine of 4° 28'. 

Ans. 0.000027. 

Proposition IX. — Theorem. 

(224.) The differential of the logarithmic cosine of an arc is 
negative^ and is equal to the modulus of the system into the tan- 
gent of the arc into the differential of the arc, divided by the 
square of radius. 

By Proposition II., 

, , Md COS. x M sin. xdx 

d log. COS. ar= = — ^ • 

° COS. X R COS. X 

** ^ . . sin. X tanir. x 

But Trig., Art. 28, = p ■ 

° ' COS.Z R 

M tang, xdx 
Hence d log. cos. x = ^^ . 



• • 
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Ex. 1. Reqmred the differential of the log. cosine of 67° 30'. 

Ans. 0.000005. 

Ex. 2. Required the differential of the log. cosine of 89° 30^. 

Ans. 0.000245. 

Proposition X. — Theorbm. 

(225.) The differeriHal of the logarithmic tangent or cotan- 
gent of an arcy is equal to the modulus of the system into the tan- 
gent of the arc into the differential of the arc^ divided by the 
square of the sine of the arc. 

By Proposition IL, 

., Mi tang. X MR'dr 

a log. tang. a:=— — = = — i . 

^ ° tang. X oos." x tang, x 

But Trig., Art. 28, 

R tang. X R" _tang.* x 

COS. a:"" sin. x ' cos.* ar"" sin." x ' 

TT , , M tang, xdx 

Henee d log. tang. x= r-^ . 

® ® sin.* X 

. . , , Mrf cot. X MR'efe 

Again, d log. cot «= 'i = — r— = : — . 

° ® cot. X sin.* X cot. X 

R* 

But — : — =tang. x. 

cot. X ° 

.* , , M tang, xdx 

Hence d log. cot. a:= :— f . 

° sm.* X 

Hence the difierentials of the log. tangent and cotangent of 
any arc, differ only in sign. 

It may also be easily proved that the differential of the log- 
arithmic tangent is equal to the arithmetical sum of the differ- 
entials of the sine and cosine of the same arc. 

Ex. 1. Required the differential of the log. tangent of 10' 30''. 

Ans. 0.000689. 

Ex. 2. Required the differential of the log. tangent of 10^ 16'. 

Ans. 0.000012. 

Ex. 3. Required the differential of the log. tangent of 89'' 
4' 30". Ans. 0.000130. 

(226.) We have found the differentials of the sine, cosine, 
etc., in terms of the arc as an independent variable. It is 
sometimes more convenient to regard the arc as the function^ 
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and the sine, cosine, etc., as the variable* Let at represent 
any arc by z, and let us put 

y=8in. X. 

By Art 219, we have 

, COS. zdz 

whence rfz= — ^. (1) 

COS. z 

But COS.* z+sin.* z=R" ; 



whence cos. z= V^R*— sin.' z= VR"— y*. 

Substituting this value in equation (1), we obtain 

iz=-Jt, 

which is the differential of an arc, its sine being regarded as the 
independent variable. 

Let us put y'^cos. z. 

By Art. 220, we have 

sin. xcb 

dy= g-; 

whence dz= — r-^, 

sm. z 

But sin. z= \^R'-cos.'z= VR"-y'". 

VR'-y'* 

> which is the difierential of an arc, its cosine being regarded as 
the independent variable. 

Let us put x= versed sine z. 

By Art. 220, Cor., we have 

, sin. zd!z 

^=-R— ' 

Rdx 
whence ufz=— 



sin. X 

But sin. z= V(2R— a;)x, Geom., Prop. XXII., Cor., B. IV., 

and, consequently, 

Rdx 

which is the differential of an arc, its versed sine being regard- 
ed as the independent variable. 
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Let as pat t^tang. t. 

By Art ^1, we have 

<ft= — i-; 

COS. z 

_ COS." zdi 
heace dz= — ^i — ^• 

•^ .r« . . ^«x COS. X R 

But (Trig. Art. 28) -r-=^^^. 

COS.'* R' R" R' 

HencQ 



B« ""»ec.*» R'+iang/x R'+f* 

R'rfl 
Therefore &= p, . ^, 

which is the differential of an arc, its tangent being regarded 
as the independttit variable. 

(227.) If we make R equal to unity, these formulas become 

vl-y* 
where y represents the sine of the arc z, 

Vl-y" 
where y* represents the cosine of the arc z. 

J dx 

V2x— a:* 
where x represents the versed sine of the arc z. 

dt ' 

where t represents the tangent of the arc z, 

Ex. 1. If two bodies start together from the extremity of the 
diameter of a circle, the one moving uniformly alotig the di- 
ameter at the rate of 10 feet per second, and the other in the 
circumference with a variable velocity so as to keep it always 
perpendicularly above the former ; what is its velocity in the 
circumference when passing the sixtieth degree from the start- 
ing point, supposing the diameter of the circle to be 50 feet? 

Ans. — - feet per second. 
Ex. 2. If two bodies start together from the extremity of the 
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diameter of a ^rcle, the one moving uniformly along the tan- 
;ent a( the rate of 10 feet per second, and the other in the cir- 
umference with a variable velocity, ao as to be always in the 
traight hne joining the first body with the center of the clr- 
le ; what is its velocity when passing the forty-fifth degree 
romlhestartingpoint, the diameter of the circle being SO feet? 
Am. S feet per second. 

(228.) Maclaurin's theorem enables us to develop the sine 
ix, cosine oCx, etc., in terms of the ascending powers ofx. 

Ex. 1. It is required to develop sin. x iqto a series. 

Let u=siti. X, and R=unity. 

By Art. 219, -j-= COS. x, 3:^=— sin. x, 

tPu (ftt 

-r-i=~cos. X, -r-:=+sm. x, etc 

dx* ' dx' 

If DOW we make x=0, we shall have 

<«)=«. (I)= ■.(S)=«. 
(S)=-. (£)=».- 

«• X* 

Therefore- 'ia.x=x—rr-r +-—-——, etc. 
4.a S.a.4.s 

Ex. 2. It is required to develop cos. z into a series. 

Let u=cos. X. 

_ . da . (?» 

By ArL 220, -;-=— sm. x, ^-;=— cos. x, 
dx dar 

T-i= sm. X, -n= cos. x, etc 
(fc* ' dx* 

If DOW we make £=0, we shall have 



(«)='. (S)=».(£)=- 
(S)=«. (£)=•■ 



Tierefore cos. =''=l~"H'+2aj~' ***'■ 

These series for small values of x converge rapidly, and are 
ery convenient for computing a table of natural sioes and 
osines. 



SECTION T. 

APPLICATION OF THE DIFFERENTUL CALCULUS TO THE THEO- 

' RY OF CURVES. 

(229.) If we differentiate the ecyiation of a line, we shall ob- 
tain a new equation which expresses the relation between the 
differentials of the co-ordinates of the line. This equation is 
called the differential equation of the line. 

If, for example, we take the equation of a straight line, 

ysz^ax+b. (1) 

and differi^tiate it, we find 



$=«. (2) 



dx 

a result which is the same for all values of 6, 
Differentiating equation (2), we obtain 

This last equiation is entirely independent of the values of a 
and 6, and is equally applicable to every straight line which 
can be drawn in the plane of the co-ordinate axes. It is called 
the differential equation of lines of the first order, 

(230.) If we take the equation of the circle 

a;*+y*=R*, (1) 

and differentiate it, we obtain 

2xdx+2ydy—Q, 
dy z 

Equation (2) is independent of the value of the radius R, and 
hence it belongs equally to every circle referred to the same 
co-ordinate axes. 

If we take the equation of the parabola 

y'=2px, (1) 

and differentiate it, we find 

2ydy=^2pdx; 



176 Differential Calculub. 

whence -y-—-. (2) 

But from equation (1), i>=5~- 
Hence equation (2) becomes 

This equation is independent of the value of the parameter 
2^9 and hence it belongs equally to every parabola referred to 
the same co-ordinate axes. 

(281.) If we take the general equation of lines of the fiecdnd 
order, which is, Art. 132, 

y*=smar+»c*, (1) 

and differentiate it, we obtain 

2y(fy=m(£r+29Urdb. (2) 

Difierentiating again, regarding dx, as constant, we obtam 

2dy'+2yd'y=^2ndx% 
or, dividing by 2, d/+ yfy^^ ndz\ (8) 

Eliminating m and n from equations (1), (2), and (3), we 
obtain 

which is the general differential equation qf lines of the second 
order. 

Hence we see that an equation may be freed of its constants 
by successive differentiations ; and for this purpose it is neces- 
sary to differentiate it as many times as there are constants to 
be eliminated. The differential equations thus obtained, to- 
gether with the given equation, make one more than the num- 
ber of constants to be eliminated, and hence a new equation 
may be derived which will be freed from these constants. 

The differential equation which is obtained after the con- 
stants are eliminated, belongs to a species of lines, one of whkb 
is represented by the given equation^ 

(232.) We have seen, Art 201, that the tangent of the angle 
which a tangent line at any point of a curve makes with the 
axis of abscissas, is equal to the first differential coefficient of 
the ordinate of the curve. We are enabled from this princi- 
ple to deduce general expressions for the tangent and subtan- 
gent, normal and subnormal of any curve. 
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Proposition I. — TflEOREBf. 

(233.) The length of the subtangent to any point of a curve 
referred to rectdngular co-ordineUes^ is equal to the ordinate 
multiplied by the differential coefficient of the abscissa. 

In the right-angled triangle PTR, we hare, 
Trig., Art. 42, 

1 : TR : : tang. T : PR ; 



thai is, 1 : TR : : 



dy 



dx * 



dx 




Hence the subtangent TR=y-r-. 



Proposition II. — TnEOREBf. 

(234.) The length of the tangent to any point of a curve re- 
ferred to rectangular co-ordinates^ is equal to the square root 
of the sum of the squares of the ordinate and subtangent. 

In the right-angled triangle PTR, 
TP=PR"+TR"; 

that is, TP>y'+y*: 

Hence the tangent 

TP=y^ 



dy*' 




1+ 



d^ 

dy'' 



Proposition III.-^Theorem. 

(235.) The length of the subnormal to any point of a curve, is 
equal to the ordinate multiplied by the differential coefficient of 
the ordinate. 

In the right-angled triangle PRN, we 
have the proportion 

1 : PR : : tang. RPN : RN. 

But the angle RPN is equal to PTR ; 

hence 1 : PR : : tang. PTR : RN ; T 

that is. 




1 : y : : ^ : RN. 



dy 
Hence the subnormal RN=^y-^. 

M 
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Proposition IV.-— THEORsif. 

(236.) The length of the normal to any point of a curve, is 
equal to the square root of the eum of the squares of the ordinate 
and subnormal. . 

In the right-angled triangle PRN, . 

PN'=PR*+RN*; 

that is, PN'x=y«+?^. 
Hence the normal PN=y ^•+?^ 



.« » 



=y\/ 



i^''^ 



(237.) To apply these formulas to a particular curve, we 

must substitute in each of them the value of -j- or ^, obtained 

ay ax 

by differentiating the equation of the curve. The results ob- 
tained will be true for all points of the curve. If the values 
are required for a given point of the curve, we must substitute 
in these results for x and y the co^-ordinates of the given point. 
Let it be required to apply these formulas to lines of the 
second order whose general equation is 

f^=mx+nx*. 

Differentiating, we have 

dy m+2nx m+2nx 

dx 2y 2Vmx+nx*' 
Substituting this value in the preceding formulas, we find 

-«, , dx 2(mx+nx*) 

The subtangent =y_=_j^_. 



The tangent ==y/y'+^=y/,nx+nx^+4{'^^^\ 

-,, , , dy m+2nx 

The subnormal z=zy^:=. — - — . 

OiX A 



The normal r=z\J y'J^^^z:^ '>/mx-\'nx^-V\{jn-\-2nx)\ 

(238.) By attributing proper values to m and n, the above J 

formulas will be applicable to each of the conic sections. For 
the parabola n=0, and these expressions become 
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the subtangent =2x, which correfsponds with Art^dd; 
the tangent =Vmx+4p'r 

m 

2 



the subnormal =— which corresponds with Art. 56 ; 



the normal = y ma:4 



4 

(239.) In the case of the ellipse, these expressions assume a 
simpler form when the origin of co-ordinates is placed at the 
center. The equation then becomes 

Ay+BV=A*B', (1) 

whence, by differentiating, we obtain 

AVy+B"a:<fe=0, 
dx_ A'y 

Hence, from Art. 233, we find the subtangent of the ellipse 
equals 

Ay 

But from equation (1), we have 

AV 
^=A«-x«. 

Hence from equation (2), we find the subtangent of the el- 
lipse equals 

A'-a;' 
X ' 

which corresponds with Art. 78, Cor. 2. 

Also, from Art. 235, we obtain the subnormal of the ellipse 
equals 

dy_ B'x 
^dx" A'' 
which corresponds with Art. 80, Cor. 1. 

(240.) In the case of the circle A and B become equal, and 

we find 

y" 
the subtangent = , 

the tangent = V y+|i= V 4^=-~^- 
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the subnormal =—x, 
the normal = VyM-x*=R, 
which results agree with well-known principles of Geometry 

Ex. 1. If the parameter of a parabola be 4 inches and the 
abscissa 9 inches, required the length of the ordinate and sub 
tangent An$. 

Ex. 2. If the major axis of an ellipse be 30 inches and the 
minor axis 16 inches, required the length of the subtangent 
corresponding to an abscissa of 10 inches measured from the 
center. Ans. 

Ex. 3. If the major axis of an ellipse be 6 inchjes and the 
minor axis 4 inches, required the leng^ of the subnormal cor- 
responding to an abscissa of 2 inches measured from the center. 

Ans. 

Ex. 4. If the diameter of a circle be 10 feet, what is* the 
length of the tangent and subtangent corresponding to an abr 
scissa of 3 feet measured from the center? 

Atis. 

(241.) Let it be required to find the value of the subtangent 
of the logarithmic curve. 

If we differentiate the equation 

x=log. y, Art 141, 

and represent the modulus of the system of logarithms by M, 
we obtain, Art. 214, 



or 



dx 



dx 



Buty-j- is the expression for the sub- 
tangent. Art. 233; hence the ^nbtan- 
gent of the logarithmic curve is con- 
stantf and equal to the modulus of the 
system in which the logarithms are 
taken. 

In the Naperian system M equals 
unity, and hence the subtangent AR 
will be equal to unity or AB. 
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(242.) The equation of a strafght line passing through a 
given point, Art. 18, is 

y-y'=a(a:-a:'), 

where a denotes the tangent of^ the angle which the line makes 
with the axis of abscissas. 
But we have found, Art. 201, that the first differential co* 

efficient ^ is equal to the tangent of the angle which the tan- 
gent line to a curve forms with the axis of abscissas. Hence 
the equation of a tangent to a curve at a point whose co-or- 
dinates are x\ y\ is 

y-y'=^(^-*'). (1) 

And rince the normal is perpendicular to the tangent, the 
equation of the normal. Art. 25, must be 

y-y'=-|S(^-^'). (2) 

(243.) When it is required to find the equation of the tan- 
gent line to any curve, we must differentiate the equation of 

the curve, and find the value of -—^ which is to be substituted 

in equation (1). 

Let it be required to find the equation of the tangent line to 
a circle. 

The equation of the circle is 

and, by differentiating, we find 

dy^ x^ 

dx'^ y'' 

Substituting this value in equation (1), we have for the equa- 
tion of a tangent line 

Whence yy' +xx'=x'* +y"=R", 

which corresponds with Art 40. 
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SUBTANGENT AND TANGENT OF POLAR CURVES. 

(244.) The subtangent of a polar curve 
is a line drawn from the pole perpendicu- 
lar to a radius vector^ and limited by a 
tangent drawn through the extremity of 
the radius vector. 

•Thus, if MT is a tangent to a polar 
curve at the point M, P the pole, and PM 
the radius vector, then PT, drawn per- 
pendicular to PM, is the subtangent. 




Proposition V. — Theorem. 

(245.) The length of the subtangent to a polar curve is equal 
to the square of the radius vector, multiplied by the differential 
coefficient of the measuring arc. 

Represent the radius vector PM by 
r, and the measuring arc ba by t (the 
radius Pa of the measuring circle be- 
ing equal to unity). Suppose the arc 
t to receive a small increment aa', and 
through a' draw the radius vector PM'. 
With the radius PM describe the arc 
MN ; draw the chord MN, and draw 
PT parallel to MN. 

Now aa* is the increment of t, and \ 

M'N is the increment of r ; and in or- * ** 

der to find the differential coefficient of r {t being considered 
the independent variable), we must find the ratio of the incre- 
ments oft and r. Art. 174, and determine the limit of this ratio 
by making the increment of t equal to zero. 

By Geom., Prop. XIII., Cor. 1, B. VI., we have 

I :aa' :: PM : arc.MN. 

arc MN 

(v 




Hence 



aa'= 



PM 



Also, the similar triangles M'NM, M'PT furnish the pro- 
portion 

M'N : chord MN :: M'P : PT. 
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wu ii)r/ivT chord MNxMT _ 

Whence M'N= ™ . (2) 

CoDsequently, from equations (1) and (2), 

aa' arc MN PT 



M'N chord MN^PMxPM" 
which is the ratio of the* increments of t and r ; and we must 
now find the limit of this ratio when the increment of t is made 
equal to zero. 

It is evident that the ratio of the arc MN to the chord M N 
will be unity, Art 218, Cor. 2 ; also, PT will be the subtangent, 
and PM ' will become equal to PM, which is represented by r. 

u A PT 

Hence -r="~r"> 

dr r 

which is the value of the subtangent. 

PT 

Cor. The tangent of the angle PMT is equal to p^, which 

rdt 

therefore becomes -t-, which represents the tangent of the an- 
gle which the tangent line makes with the radius vector. 

Proposition VI. — Theorem. 

(246.) The length of the tangent to a polar curve, is the square 
root of the sum of the squares of the subtangent and radius vector. 

For the tangent MT is equal to VMP'+PT', which is equal 



to 



f~df 



(247.) It is required to apply these formulas to the spirals. 
The equation of the spiral of Archimiedes, Art. 148, is 

_t_ 

dt 
Whence T=^2n. 

for the subtangent, Art 245, we have 

subtangent=—. 
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K t=2nf that is^ if the tangent be drawn at the extremity 
of the are generated ui one revolution, we have 

the subtangent=2n^the circumference of the measuring circk. 

If t=2mTr^ that is, if the tangent be drawn at the extremity 
of the arc generated in m revolutions, we have 

subtangent=m . 2mn ; 

that is, the subtangent after m revolutions^ is equal to m times 
the circumference of the circle described with the radius vector 
of the point of contact. 

248.) The equation of the hyperbolic spiral, Art. 151, is 

a 

dt f 
Whence -t-= — . 

dr a 

Substituting this value in the general expression for the sub- 
tangent, we have 

subtangent= -= — a ; 

that is, in the hyperbolic spiral the subtangent is constant. 
(249.) The equation of the logarithmic spiral, Art. 155, is 

t=\pg, r. 

T»r. , Mrfr 

Whence dt^ ^ 

r 

and -i-=M, 

dr 

which represents the tangent of the angle which the tangent 
line makes with the radius vector, Prop. Y., Cor. ; that is, the 
tangent of the angle which the tangent line makes with the radius 
vector is constant^ and is equal to the modulus of the system of 
logarithms employed. 

DIFFERENTIALS OF AN ARC, AREA, SURFACE, AND SOLID OF 

REVOLUTION. 

I^oposiTioN VII. — Theorem. 

(250.) The limit of the ratio of the chord and arc of any curve 
is unity. 

Let ADB be an arc of any curve, AB=c the chord, and let 
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the tangents AC, CB be drawn at the c 

extremities of the arc. , 

It is evident that the arc ADB is 




greater than the chord c, but less than /''^ L«_i^B 

the sum of the two tangents a and h. ^ 

By Trigonometry, Art. 49, 

a sin. A h sin. B 

-=-r^-pj, and -=-: — -x, 
c sm. C c sm. C 

--, ^ a+h sin. A+sin. B sin. A+sin. B 

Therefore = : — j^ = — : — .. i m ■ 

c sm. C sm. (A4-B) 

By Trigonometry, Art. 76, 

sin. A+sin. B_cos. J(A— B) 

sin.(A-fB) ""cos. i(A+B)' 

Hence a+6^cosJ^(A--B)^ 

c cos. i(A+B)* 

Conceive now the points A and B to approach each other, and 
the arc ADB to decrease continually, the angles A and B will 
manifestly both decrease, and they may become less than any 
assignable angle whatever ; therefore A— B and A+B both ap- 
proach continually to ; and Cos. ^(A— B) and cos. ^(A+B) ap- 
proach to unity, which is their common limit Hence the limit 
of the ratio oia+h to c is a ratio of equality ; and as the arc ADB 
can not be greater than a+ft, nor less than c, much more is 
the limit of the ratio of the arc to the chord a ratio of equality. 

Proposition VIII. — Theorem. 

(251.) The differential of the arc of a curve referred to rect- 
angular co-ordinates, is equal to the square root of the sum of 
the squares of the differentials of the co-ordinates. 

We have found, Art. 250, that the limit 
of the ratio of the chord and arc of a cUrve 
is unity ; hence the differential of an arc 
is equal to the differential of its chord. 

Let X represent any abscissa of a > 
curve, AR for example, and y the cor- ^ 
responding ordinate PR. If now we 
give to X any arbitrary increment A, and make RR'=A, the 
value of y will become equal to FR', which we will represent 
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by y'. If we draw PD parallel to the axis AR', we shall have 
the chord PF= VPD*+FD'= VA'+P'D*. 

But P'D=y'— y=-^A+-~ -— -H other terms involving higher 

powers of A. 

Substituting this value of P'D in the expression for the chord, 
we have 

PF=V^A.+^+. etc. 



<fa' 



=h\/\- 



dy* 

h^,+. etc. 



PP' / di? 
Therefore -j-"^ y 1 +^+^ ®^c-» 

which expresses the ratio of the increment of the function to 
that of the variable, and we must find the limit of this ratio by 
making the increment equal to zero, Art. 174. 

In this case the chord becomes equal to the arc, which we 
will represent by z, and the terms omitted in the second mem- 
ber of the equation containing h disappear ; hence 



^-v/ 



1+^ 



and, multiplying by dx, dz= Vdx'+dy*. 

(252.) To determine the differential of the arc of a circle, 
take the equation 

xdx 
whence xdx+ydy=0, or dy= , 



=\/o 



x*dx* dx 



and dz=\/dx^+ — r-=— Vx'+y". 

^ y y 

But '/a?+7=R, and y= ^/W-x\ 
Hence dz= — . 

Proposition IX. — Theorem. / 

(253.) The differential of the area of a segment of any curve 
referred to rectangular co-ordinates^ is equal to the ordinate into 
the differential of the abscissa. 

Let APR be a surface bounded by the straight lines AR, 
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PR, and the arc AP of a curve ; it is re- 
quired to find the differential of its area. 

Let X represent the abscissa AR, and 
y the corresponding ordinate PR. If 
we give to X an increment A, and make 
RR'=A, the value of y will become FR', 
which we will represent by y'. 

Since the limit of the ratio of the chord and arc of a curve 
is unity, the limit of the ratio of the area included by the ordi- 
nates PR, P'R' and the arc PP', to the trapezoid included by 
the same ordinates and the chord PP', must be a ratio of 
equality. 

Now the trapezoid PRR'F=RR'xi(PR+FR')=iA(y+y'). 

PRR'F 

^-p-=i(y+y'). 



Hence 



But 



Hence 



that is. 



i(y'+y)=y+2|+.etc.; 

PRR'P' dy h 



which expresses the ratio of the increment of the function to 
that of the variable, and we must find the limit of this ratio by 
making the increment equal to zero, Art. 174. 

But in this case, all the terms in the second member of the 
equation which contain h disappear, and representing the area 
of the segment by 5, we have 

^=y, or ds=ydx. 

(254.) Ex. To find the differential of the area of a circular 
segment, take the equation 

y«=R«-a:\ 

Whence y = VR'-^x\ 

Hence ds = ydx = dx VR'—a;". 

The equation of the circle, when the origin of co-ordinates 
is placed on the circumference, is 

y= V2rx— a:*, 
and hence the differential of the area becomes 

dxV2rx—z^. 
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Proposition X. — Theorem. 

(255.) The differential of a surface of revolution f is equal to 
the circumference of a circle perpendicular to the axis^ multi- 
plied by the differential of the arc of the generating curve^ 

Let the curve APP' be revolved about 
the axis of X, it will generate a surface 
of revolution ; and it is required to find 
the differential of this surface. 

Put AR=a: and PR=y. If we give 
to X an increment A=RR', the value of y 
will become P'R', which we will repre- 
sent by y\ 

In the revolution of the curve APP', the points P and P' will 
describe the circumferences of two circles, and the chord PP' 
will describe the convex surface of a frustum of a cone. Also 
since the limit of the ratio of the chord and arc of a curve is 
unity, the limit of the ratio of the surface described by the 
chord to the surface described by the arc must be a ratio of 
equality. 

Now the surface described by the chord PP' is equal to 

PF 

--^Xicirc. PR+drc. PR'), Geom., Prop. IV., B. X., 



which equals 



or 



Hence 



But 



and 



PF 

— (27ry+27ry'), 

PFXTr(y+yO. 

the surface of frustum 

pp; =n(i/+y'). 

dy^ d'yh* 



Hence 



y'+y=2y+^A+, etc. 

the surf ace of frustum , dy, 

pp/ =^(2y+^*+' «tc.) 

which expresses the ratio of thie increment of the function to 
that of the variable, and we must find the limit of this ratio by 
making the increment equal to zero, Art 174. 

But in this case* all the terms in the second member of the 
equation which contain h disappear, and representing the arc 
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AP by 2, and the surface described by the arc AP by S, we 
have 

— =2fry, or dSc=2trycfe ; 

and, by substituting for dz its value. Art. 251, We have 

ifS=2Try(dr*+djOf 

where 2Try is the circumference of the circle described by the 
point P. 

Proposition XL— Theorem. 

(256.) The differential of a solid of revolution is equal to the 
area of a circle perpendicular to the axis^ tnuUiplied by the dif 
ferential of the abscissa of the generating curve. 

Let the surface APR be revolved about 
the axis of X, it will generate a solid of 
revolution, and it is required to find its 
differential. 

Put AR=a: and PR=y. If we give to 
X an increment A=RR', the value of y 
will become P'R', which we will represent by y'. 

In the revolution of the surface AP'R', the trapezoid PRR'P' 
will describe the frustum of a cone, and the limit of its ratio 
to the solid described by the surface included by the ordinates 
PR, P'R', and the arc PP', is a ratio of fequality. 

Now the solidity of the frustum described by the trapezoid 
PRR'F, Geom., Prop. VI., B. X., is 

j7rxRR'(PR"+FR^'+PRxFR'), 

or ^nhiy'+y'^+yy'). 

the solidity of the frustum , , . 

Hence ^ — ^ -=i^(y'+y''+yyO. 

But y<=.y+^A+^-+.etc. 

dy 
Hence y'*=y*+;pAy+> ©tc. 

Also, yy'=y'+^h+* etc. 

Therefore y^+y''+yy'=^y^+-i^f^y+^ etc. ; 
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that is, 



solidity of frustum , ^_ , 2dy, 

^-jf- =i^(3y*+-^*v+, etc.), 

which expresses the ratio of the increment of the function to 
that of the variable, and we must find the limit of this ratio by 
making the increment equal to zero, Art 1V4. 

But in this case, all the terms in the second member of the 
equation which contain h disappear, and representing the vol- 
ume of the solid generated by V, we have 

dY 

or dy=ny*dXf 

where ^ry* is the area of the circle described by PR. 



DIFFERENTIAL OF THE ARC AND AREA OF A POLAR CURVE. 

Proposition XII. — Theobem. 

(267.) The differential of an arc of a polar curve^ is equal to 
the square root of the sum of the squares of the differential of 
the radius vector^ and of the product of tlie radius vector by the 
differential of the measuring arc. 

Let PM, PM' be two radius vectors of 
a polar curve, and let MC be drawn from 
M perpendicular to PM'. Then, in the 
right-angled triangle M'CM, we have 

chord M'M= VMC+CM'. 

CM 
Also, g|^=tang, CM'M. 

Therefore 

chord M'M 




jyj,g — = Vl+tang.* CM'M. 

We must now find the limit of this ratio, by making the in- 
crement of the radius vector equal to zero. The limit of the 
ratio of the chord MM' to the arc MM' is unity, Art. 250. 
Also, M'C approaches to M'N, which is the increment of the 
radius vector, and the limit of their ratio is unity ; and the an- 

rdt 
gle CM'M becomes PMT, which is equal to -j-, Prop. V., Cor. 

Hence, representing the arc by 2, we have 
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or dz—Vdr^-i-r^de, 

which is the differential of the arc of a polar curve. 

Proposition XIII. — Theorem^ 

(258.) The differential of the area of a segment of a polar 
curve, is equal to the differential of the measuritig arc, multiplied 
by haff' the square of the radius vector. 

Let PMD be any segment of a polar 
curve, and let the measuring arc receive 
a small increment aa'; the increment of 
the area will be PMM'. 

The area of the sector PMN, Geom., 

PM 

Prop, XII.,Cor. B. VL, is equal to MN x 



2 



And since aa' : MN : : 1 : PM, 

, MN 
aa'= 




PM" 

sector PMN PM' 



Therefore . , ^ . 

aa' 2 

Now since the limit of the ratio of PM' to PM is a ratio of 
equality, the limit of the ratio of PMM' to the circular sector 
PMN is a ratio of equality. Taking the value of this ratio 
when the increment is equal to zero, and representing the seg- 
ment by Sf we have 

ds r' 

'dt'^r 
r'dt 



or 



&=■ 



which is the differential of the area of a segment of a polar 



curve. 



ASYMPTOTES OF CURVES. 



(259.) An asymptote of a curve is a line which continually 
approaches the curve, and becomes tangent to it at an infinite 
distance from the origin of co-ordinates. 

In some curves the di3tance between the origin of the co- 
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ordinates and the point in which the tangent meets the axes 
increases continually with the abscissa, so that when the ab- 
scissa X becomes infinite, this distance is infinite. In other 
curves, even when the abscissa becomes infinite, the tangent 
cuts the axes at a finite distance from the origin. It is then 
called an asymptote to the curve* 

Let A be the origin of co-ordinatesy 
and let TP be a tangent to the curve at 
a point whose co-ordinates are AR=x 
and PR=y. If from the subtangent 

dx 
TR, which equals y^, the abscissa AR 

be subtracted, the remainder, 

AT=y|-x. (1) 

is the general expression for AT, the distance from the origin 
at which the tangent intersects the axis of X. 

dx 
PR-PC=t/-^^ 




Also, 



PC=BC tang. PBC=-f^x. 



Hence 



AB: 



dx 



X, 



(2) 



which is a general expression for AB, the distance from the 
origin at which the tangent intersects the axis of Y. 

(260.) If, when x and y become infinite, either of the ex- 
pressions (1) and (2) reduces to a finite quantity, we may con- 
clude that the curve has asymptotes ; but if both be infinite, 
then the curve has no asymptotes. If both the expressions are 
finite, the asymptote will be inclined to both the co-ordinate 
axes ; if one of the values becomes finite and the other infinite, 
the asymptote will be parallel to one of the co-ordinate axes ; 
if both become zero, the asymptote will pass through the origin 
of co-ordinates. 

(261.) Ex. 1. It is required to determine whether the hy-* 
perbola has asymptotes. 

The equation of the hyperbola, when the origin of co-ordi- 
nates is at the center, is (Art. 98) 

y'=|i(a:'-A'). 
DiflforMitiatii^, we fiad 
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dte _Ay_ a;'-A' 

Therefore AT=t/3 — ar= . 

dy X 

A* 

The expression represents the distance from the origin 

X. 

of co-ordinates at which the tangent intersects the axis of X. 

When X is supposed infinite, this expression becomes equal 
to zero. Hence the hyperbola has asymptotes which pass 
through the center. 

Ex. 2, It is required to determine whether the parabola has 
asymptotes. 
The equation of the parabola is 

Differentiating, we find 

When X is infinite, this quantity becomes infinite ; therefore the 
parabola has no asymptotes. 

Ex. 8. The equation of the logarithmic cur^e is 

«=Iog. y. 

or y=«'. 

If X be taken infinite and negative, then 

1 
y=— =0; 

that is, the axis of abscissas is an asymptote to the curve. See 
fig-» page 108. 

N 



gECTION TI. 

RADIUS OF CURVATURE— EVOLUTES OF CURVES. 

(263.) Tiu curvature of a curve is its deviatioQ from the 
tangent ; and of two curvef that which departs most rapidly 
from its tangent, is said to have the greatest corvatni'e. 

Thus, of the two curves AC, AD, having . 

the common tangent AB, the latter de- ~^^'-'""*'^T^^ 
parts most rapidly from the tangent, and ^ \^^ 

is said to have the greatest curvature. ^ 

(263.) The curvature of the circumference of a circle is 
evidently the same at all of its points, and alid in all cvcum- 
ferences described with equal radii, since the deviation from 
the tangent is the same ; but of two different circumferences, 
that one curves the most which has the least radius. Thus, 
the circumference ADF departs more 
rapidly from the tangent line AB than 
the circumference ACE, and this devia- 
tion increases^ as the radius decreases, 
and the reverse. In different circum- 
ferences the curvature is measured by 
the angle formed by two radii drawn 
through the extremities of an arc of given length. 

Proposition L — Theorem. 

(264.) The evrtotens in two different drclu variee tntfereehf 
<u their radii. 

Let R and R' represent the radii of two circles, A the length 

of a given arc measured on the circumference of each ; a the 

angle formed by the two radii drawn through the extremities 

of the arc in the first circle, and a' the angle formed by the 

corresponding radii of the second. Then, by Geom., Prop. 

XIV., B. III., we have 

360A 
2nR : A 2 : 360*^ : a ; whence a= _^ ; 
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and 



Therefox^ 



or 



27rR' : A : : 360** : a' ; whence a'= 

SdOA 860A 



860A 
27rR'' 



«:«':: xt : «-. 



I 
R 



1^ 
R'^ 







that is, the eurvaiure in two differmU circle$ varies invereely as 
their radii. 

(265.) Let DBE be any curve line, 
ABC a tangent at the point B» and 
BM a normal at the aame point, then 
will ABC be a tangent to the circum- 
ference of every circle passing through 
B, and having its center in the line 
BM. The curve DBE may, therefore, 
be touched by an infinite number of circles at the same point 
B. Some of these circles, having a greater curvature than the 
curve, fall wholly within il ; while others, having a less degree 
of curvature, fall between the curve and the tangent. Of this 
infinite number of circles, there is one which coincides most in- 
timately with the curve^ and is hence called the osculatory cir^ 
chy or circle of curvature^ and its radius is called the radius of 
<;urvature of the curve. The cttculalpry circle may be found 
in the foUowjjOig manner. 

(266.) Let there be two curves which 
meet at the point P^ and let us designate 
the cp-ordinates of one curve by x and 
y, and the co-ordinates of the second 
curve by x' and y'. If we suppose x to 
receive an increment and become x+A, 
we shall have 



FR-y+^+S^H-'*' 



dx ' (fa' 2 (fe* 2.3 







+, etc 



etc. 



(2) 



&:' • dr'* 2 ' dx** 2.3 

But rince the point P is common to the two curves, we must 
have y=y'' 

Also, since the first differential coefficient represents the tan- 
gent of the angle which a tangent Ime makes with the axis of 
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abscissas, if we suppose the two carves to have a common 
tangent at P, we most have 

Now if all the terms in the first of these developments are 
equal to the corresponding terms in the other, the curves will 
be identical ; and the greater the number of terms which are 
equal in the two developments, the more intimate wall be the 
contact of the curves. 

Since the equation of a circle is of the second degree, it can 
have but two difierential coefficients; and therefore a circk 
will coincide most nearly with a given curve, when its first and 
second differential coefficients are equal to the first and second 
differential coefficients of the equation of the curve* 

(267.) Since the contact of the osculatory circle with a 
curve is so intimate, its curvature is regarded as measured by 
means of the osculatory circle. Thus, if we assume two points 
in the curve PP', and find the radii r 
and r' of the circles which ar6 oscu- 
latory at these points, we shall have 

curvatureatF : curvature P' : : - : -7; 

r r 

that is, tile curvature at different 

points varies inversely as the radius of the osculatory circle. 

Proposition II. — Theorem. 

(268.) The radius of curvature at any point of a given curve 
is equal to 

dxd^y* 

where x and y are the co-ordinates of the given point, and z 
the arc of the given curve. 

The general equation to the circle, Art. 38, is 

where a and h are the co-ordinates of the center of the circle, 
and R is the radius. 

Differentiating this equation, and dividing by % we have 

(x— a)(£i:+(y— fr)rfy=0. 
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Differentiating again, regarding dx as constant, we obtain 

(fa'+rfy*+ (y-i)d'y=0. 

Whence ; y-6=_^^, (i) 

Substituting these values in the equation of the circle, we 
have 

„. dyY «fa'+rfy' \' . ( dx'+dy' y 

"~<fe'\ <fy y "*' \ (f y / ' 

whence R= ^ , .» > 

dxdry 

lit denote the arc of the given curve, then, Art. 251, 
and the above expression for R becomes 

which is a general expression for the value of the radius of the 
osculatory circle. 

(269.) To find the radius of curvature for any particular 
curve, we must diflbrentiate the equation of the curve twice, 
and substitute the values of ^, dy^ and d^y in the preceding ex- 
pression for R. If the radius of curvature for a particular point 
of the curve is required, we must substitute for x and y the co- 
ordinates of the given point. 

, Proposition III.-— Theorem. 

(270.) The radius, of curvature at any point of a conic sec- 
tion^ is equal to the cube of the normal divided by the square 
of half the parameter. 

The general equation of the conic sections. Art. 132, is 

y*=mx+nx' ; 
(m+2nx)dx 



^^Mi^^B^VM 



whence dy= ^ 

and ^.+^y.=[ly!±(^^!«)!]^. 
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AI«o, fy=-^ \^ '^!^, 

_ [4«y*-~ (m+2na:)']<fe* 

Substituting these ▼aloes in the equation 

dxdfy • 
we obtain 

[4(mx+nx*)+(m+2nz)*]* 

^"^ 2^? • 

and dividing both terms of the fraction by 8, it becomes 

„ {y/mx-\-nx^+\{m-¥2nx)y 

The numerator of this expression is the cube of the normal. 
Art. 237y and the denominator is the square of half the pa- 
rameter^ Art. 182 ; that is, the radius of curvature is equal to 
the cube of the normal divided by the square of half the pa- 
rameter* 

(271.) Cor. 1. The radii of curvature at different points of 
the same conic section, are to each other as the cubes of the 
corresponding normals. 

Cor. 2« If we make x=0, we have 

R^-^ssone half the parameter; 

that is, the radius of curvature at the vertex of the major am 
of any conic section^ is equal to half the parameter of that axis„ 

Cor. 8. If it be required to find the radius of curvature at 
the vertex of the minor axis of an ellipse, we make 

SB- B« . . 

wi=^-j-, w= — -jj, and a; = A, 

which gives, after reducing, 

that is, the radius of curvature at the vertex of the minor axis 
of an ellipscr is equal to one half the parameter of that axis. 

Cor. 4. In the case of the parabola in which n=0, the gen- 
eral value of the radius of curvature becomes 
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R: 






m 



when x^O^ ^^^9 which » the radius of curvature at the 

vertex of the parabola. 

Ex. 1. Required the length of the radius of curvature for a 
point in a parabola whose abscissa is 9,. and ordinate 6. 

Ans* 

Ex. 2. Required the radius of curvature at the vertex of the 
major axis of an ellipse whose major axils is 10 inches, and 
minor axis 6 inches. Ans* 

Ex. 3. Required the radius of curvature at tne vertex of the 

minor axis of the same ellipse. 

Ans. 



ETOLUTES OP CURVES. 

(272.) An evolute is a curve from which a thread is sup- 
posed to be unwound or evolved^ its extremity at the same time 
describing another curve called the involute. 

Thus, let ACC'C" be any curve, and 
suppose a thread, fastened to It at some 
point beyond C", is drawn tight to the 
curve. Let it now be gradually un* 
wound from the curve, keeping it al- 
ways tight. While the portion be- 
tween A and C is unwinding, its ex- 
tremity will describe upon the plane 
some curve line APP'P", the nature of 
which will depend on the properties 
of the other curve. 

The curve ACC'C" about which the 
thread is wrapped, is called the evolute 
of the curve APP" generated by the extremity of the thread ; 
and the latter curve is called the involute of the former. 

(273.) From the manner in which a curve is generated from 
its evolute, we may derive the following conclusions : 

1st. The portion of the thread PC, which is disengaged from 
the evolute, is a tangent to it at C. 

2d. A tangent to the evolute curve at C is perpendicular to 
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the involute at the point P ; and any point C of the evolute may 
be considered as a momentary center, and the line CP as the 
radius of a circle which the point P is describing when the 
point of contact of the tangent and curve is at C. The points 
C, C, C" are therefore the centers of curvature of the points 
P, F, P" ; and PC, P'C, F'C" are the radii of curvature of 
the involute at the points C, C, and C". 

3d. The radius of curvature PC is equal to the arc AC of 
the evolute, reckoned from the pomt A, where the curve com- 
mences. 

(274.) Hence, if we suppose an osculatory circle to be drawn 
at each of the points of the curve A, P, P', P", the centers of 
all these circles will be found upon the curve ACC'C". The 
equation of the evolute is therefore the equation which ex- 
presses the relation between the centers of all the osculatory 
circles of the involute. 

The general equation of the circle, Art, 38, is 

(:t:-a)'+(y-ft)*=R% (1) 

where a and b denote the co-ordinates of the center of the 
circle. 

To determine the equation of the evolute, we must find the 
relation of a to 6 in equation (1), regarding a and 6 as the 
co-ordinates of the center of the circle of curvature, and con- 
sequently the co-ordinates of the evolute. 

But we have found, Art. 268, for the circle of curvature 

y-A= — dv • ^^^ 

and a:-a=-J(y-ft), (3) 

and combining these with the equation of the involute curve, 
we may obtain an equation from which z and y are elimipated. 

We must therefore differentiate the equation of the involute 
twice ; deduce the values oidy and ^y, and substitute them in 
equations (2) and (3) ; two new equations will thus be obtain- 
ed involving a, i, Xy and y. ^ 

Combine these equations with the equation: of the involute, 
and eliminate x andy ; the resulting eqfuation will contain only 
a and 5, and constants, and will be the equation of the ev«lut<> 
curve. 
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Ex. Let it be required to find the equation of the evolute of 
the common parabola* 
The equation of the involute is ' 

y'=2pa: ; 

dy_p 

dx y' 

, , »"&?• , J- D'di" 

dif— , , and (fy = — , # 

Substituting these values in equations (2) and (3)» and re- 
duciug, we have 

y-6=^+y; whence -*=3r. 



whence 



Also, 



and 



y 



Substituting for y its value (2px)^, we have 

— J= — --; and«— a=— 2a:— /?. 

/ . 

From this last equation we derive 

Substituting this value of x in the preceding equation, we 
have 

which is the equation of the evolute, and shows it to be (he 
semi-cubical parabolaf Art. 136. 
If we make 6=0, we have 

and hence the evolute meets the axis 
of abscissas, at a distance AC from the 
origin equal to half the parameter. 

If we transfer the origin of co-ordi- -^1 
nates from A to C, the above equation 
reduces to 



6«= 



8 



27p 



a\ 




Since every value of a gives two 
equal values of b with contrary signs, the curve is symmetrical 
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witk respect to the axis of afasdfsas. Tha evcriate CM cor- 
respondfl to the part AP of the involute, and CM' to the part 
AF. 

PROPERTIES OF THE CYCLOID. 

(275.) We have found, ArL I4(^ the equation of the cycloid 

to be 

z^arc whose tersed tine is y— Viry—y*. 

The properties of the cycloid are meet easily deduced from 
its differential equation, which is obtained by di&rentiating 
both members of the transcendental equation. 

By Art 226, dlarc whose versed sine is y)= , -— — - . 

, .. rdy—ydy 

By Art. 187, d(- V^ff^^--^^===. 

,_ ^^y rdy—ydy 



Hence 



or 







V2ry-y" 
which is the differential equation of the cycloid. 

(276.) If we substitute the pre- E 

ceding value of dx in the formulas 
of Articles 23^-6, we shall obtain 
the values of the tangent and snbtan- 
gent, normal and subnormal of the 
cycloid. They are T"a~r 

_,-. dz y" 

subtangent TR=yT-= • • • ■ =» 
® ^dy V2ry-/ 

tangent PT==yvAS^-^, 

^ dy V2ry— y' 

subnormal RN=y^= '•2ry— y*, 

normal PN— yy l+^=/2ry. 

The subnormal RN is equal to PH of the generating circle, 
since each is equal to \^2ry— y" ; hence the normal PN and 
the diameter EN intersect the base of the cycloid at the same 
point. 
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Proposition IV.-^Thborem. 

(277.) The ra£,u$ of curvature corresponding to arty point 
of the cycloidy is equal to double the normal. 

If we differentiate again the differential equation of the ,cy- 

W2ry^y^ 
regarding dz as constant, we obtain 

Clearing of fractions, uniting terms, and dividing by y, we 
have 0=(2ry-y')(fy+rrfy*; 

rdy^ rdx^ 

whence fy-''^;:^:^^'^^" 

Substituting the values of dy and (Ty in the expression for 
the radius of curvature, Art. 268, 

'^ dxd*if 
/2nfo*\* 
we obtain R= ^ =8My*«»8 V2>y. 

T _ 

But we have found the normal. Art. 276, equal to ^l^ry; 
henc6 tlie radius of curvature is equal to double the normal at 
the point of contact. 

Proposition V. — Theorem. 

(278.) The evolute of a cycloid is an equal cycloid. 

To obtain the equation of the evolute, we must substitute 
the values of dy and (f y, already found for the cycloid, in equa- 
tions (2) and (3) of Art. 274. We thus obtain 

^ dx'+dy' ^^ y* 



cTy rdz^ 

T 



y'+2ry-y' _ 
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Whence 

Also* 
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X"*a 



dz 



X2y, 



=— 2V2ry— y\ 



Whence «=a— 2 '•2ry — y\ 

Substituting these values of x and y in the transcendental 
equation of the cycloid. Art. 140, 

x=^arc{ver3ed 8ine=y)— V2ry— y*, 
we obtain 



a— 2"/— 2r6— 6*=arc(tjer5edf «n€=— ft)— '/--2r6— 6*, 
or a=arc(versed sine= —6) + V — 2r6— 6V 

which is the transcendental equation of the evolute referred to 
the primitive origin and the primitive axes. 

This is also the equation of a -^ 

cycloid whose generating cir- 
cle is equal to that of the given 
one, and whose vertex coincides 
with the extremity of the base, '^ 
lying, however, below the base, 
as appears by substituting —b 
for y in the equation of Art. 140. 

Thus, the evolute AA' of the cycloid is an equal cycloid; 
the arc AA' is identical with AB, and the vertex B is trans- 
ferred to A. 




8ICTI0N TIL 

ANALYSIS OP CURVE LINES. 

(270.) If it was possible to resolve an equation of any de- 
gree, we might follow the course of a curve represented by 
any Algebraic equation, by methods explained in Analytical 
Geometry. By assigning to the independent variable different 
values, both positive and negativ^^ we could determine any 
number of points of the curve at pleasure. 

The Differential Calculus enables us to abridge this investi- 
gation, and may be employed even when the equation of the 
curve is of so high a degree that we are unable to obtain a gen- 
eral expression for one of the variables in terms of the other. 

The first object aimed at in such an analysis, is to discover 
those points of a curve which present some peculiarity ; such 
as the point at which the tangent is parallel or perpendicular 
to the axis of abscissas. Such points have been named singu- 
lar points. A singular point of a curve is one which is dis- 
tinguished by some remarkable property not enjoyed by the 
other points of the curve immediately adjacent 

Proposition I.— Theorem. 

(280.) For a point at which the tangent to a curve i$ parol* 
Id to the axis of abscissas^ the first differential coefficient is equal 
to zero. 

For the first differential coefficient expresses the value of 
the tangent of the angle which the tangent line forms with the 
axis of abscissas, Art. 201 ; and when this line is parallel with 
the axis, the angle which it forms with the axis is zero, and its 
tangent is zero. 

PaoposmoN II. — ^Theorem. 

(281.) For a point at which the tangent to a curve is perpen- 
dicular to the axis of abscissas^ the first differential confident is 
equal to infinity. 

For the first differential coefficient expresses the value of 
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the tangent of the angle which the tangent line forms with the 
axis of abscissas ; and when this angle is 90 degrees, its tan- 
gent is infinite. 

Ex. 1. It is required to determine at what point the tangent 
to the circumference of a circle is paraUd to the axis, and 
where it is perpendicular. 

Take the equation 

By diflbrenttating, we oblaio 

and placing this equal to zero, we find 

But when a;=0, we have 

y==tR; 

<■ 

hence the tangent is parallel to the axis of abscissas at the two 

points where the circumference intersects the axis of ordinates. 

If we make 

dv X V ^ 

^=--=ao^or-|=0, 
ax y X 

we find ys=0. But when y=0, we have 



that is, the tai^ent is perpendicular to the mm of abscissas at 
the two points where the circumference intersects the axis of 
abscissas. 

Ex. 2. It is required to determine at what pomt the tangent 
to a oyelcnd is parallel to the base, and when it is perpendicu- 
lar to the base. 

pROPosmoN IIL — Theorem. 

(382.) If a curve is convex toward the mis of abscissas^ the 
ordinate and second differential coefficient will have the same 
sign. 

Let PP'F" be a curve convex toward the axis of abscissas ; 
and let z and y be the cd'-ordinates o^ the point P. Let x be 
increased by any arbitrary increment RR', which we will rep- 
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resent by A, and take R'R" also equal 
to A. Draw the ordinatesFR',F'R"; 
draw the line PF, and produce it to 
B ; join F and F', and draw PD, 
P'D' parallel to AR. We shall then 
have 

PR«y, 

Also, 
P"R"=:y+|2A+gf +.,etc. (2) 




Hence 



PD^P'R'-PR^lA+gl+.etc. (8) 



Subtracting equation (1) from equation (2), we have 

P"D'=P"R"-P'R'=gA+g^+, etc. (4) 

Subtracting equation (8) from equation (4), remembering 
that BD' is equal to P'D, vre have 



P"B=:P"D'-P'D=^*+, etc. 



(5) 



Now when we suppose h to be taken indefinitely small, the 
sign of the second member of equation (5) will depend upon 
that of the first term, and since the first member of the equa- 
tion is positive, the second must also be positive ; that is, the 
second differential coefficient is positive ; and the ordinate, "be- 
ing situated above the axis of abscissas, is also positive. 

If the curve is below the axif of abscissae, we shall have 

^p"j^p"<p-^;,'tf«gv+. ate. ; 

and 3iDce the fir&t member of this equation is negative, the sec- 
ond will also be negative ; that is, the second differential coef- 
ficient is negative. Whence we conclude that if the curve is 
convex toward the axis of abscissas, the second differential co- 
efiicient vnll be positive wh'en the ordinate is positive, and neg- 
ative when the ordinate is negative* 
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Pbopobition IV. — Theorem. 

(383.) If a curve is concave toward the axis of abscissaSf the 
ordinate and second differential coefficient will have contrary 
signs. 

Let PP'P" be a curve concave to- 
ward the axis of abscissas ; and let 
X and y be the co-ordinates of the 
point P. Let x be increased by any 
arbitrary increment RR', which we 
will represent by A, and take R'R" ^ 
also equal to h. Draw the ordinates 
P'R', F'R" ; draw the line PF, and 
produce it to B. Join P' and P", 
and draw PD, FD' parallel to AR. 
We shall then have 

PR=y, 




ti 




Bf 



(1) 
(2) 
(3) 



Also. P"R"=,+|.*+g^^+.etc. 

Hence FD=FR'-PR=$^A+^ 5+, etc. 

dx dx* 2 

Subtracting equation (1) from equation (2), we have 
P"D'=P"R"-P'R'=|A+g^+.etc. (4) 

Subtracting equation (3) from equation (4), remembering 
that BD' is equal to P'D, we have 

-F'B=F'D'-FD=^A'+, etc. (5) 

Now since the first member of this equation is negative, the 
second member must also be negative ; that is, the second dif- 
ferential coefficient will be negative, while the ordinate is posi- 
tive. 

If the curve is below the axis of abscissas, we shall have 

+p"J=;,"rf'--yrf=^A»+, etc., 

where the second differential coefficient is positive, while the 
ordinate is negative. 
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Ex. 1. It is required to determine whether the circamference 
of a circle is convex or concave toward the axis of abscissas. 
The equation of the circle is 

whence -f-— — 

ax y 

\ €ry_ x*+y* _ R' 

Also, ."jT^i — — — — r — "^"T* 

ax* y . y 

which is negative when y is positive, and positive when y is 
negative* Hence the circumference is concave toward the 
axis of abscissas. 

Ex. 2. It is required to determine whether the circumference 
jf an ellipse is convex or concave toward the axis of abscissas. 

(284.) Definition. A point of inflection is a point at which 
% curve from being convex toward the axis of abscissas, be- 
comes concave, or the reverse. 

Proposition V. — Theorem. 

For a point of inflection^ the second differential coefficient 
must be equal to zero or infinity. 

When the curve is convex toward the axis of abscissas, the 
ordinate and second differential coefficient have the same sign ; 
but when the curve is concave, they have contrary signs. 
Hence, at a point of inflection, the second differential coeffi- 
cient must change its sign. Therefore, between the positive 
and negative values there must be one value equal to zero or 
infinity ; and the roots of the equation 

, ^.=0. or J=». 

will give the abscissas of the points of inflection. 

Having discovered that the second differential coefficient for a 
certain point of a curve is equal to zero >r infinity, we increase 
and diminish successively by a small quantity A, the abscissa 
of this point ; and if the second differential coefficient has con- 
trary signs for these new values of z, we crmclude that here 
is a point of inflection. 

Ex. 1. Determine whether the curve whose equation k 

y=a+{x-b)\ 
has a point of inflection. 

O 
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By diflbrentiadngt we find 



^=s(.- 



dx 



9{x-by, 



and 



g=6(a:-6). 




When x=bf the first difibrential coeflicient is zero, and the 
tangent is parallel to the axis of abscissas at the point whose 
co-ordinates are 2;=&, y=a. 

When a;<&, the second diflTerential coefficient is negative; 
but when x>bf the second differential coefficient is positive ; 
that is, the second differential coefficient changes its sign at 
the point of the curve of which the ab- 
scissa is x=&; consequently there is an in- 
flection of the curve when.x=6. 

On the left of P the curve fiills below 
the tangent line TT\ while on the right of 
P it runs above TT'. 

Ex. 2. Determine whether the curve whose equation is 

y =«-(«-&)'» 
has a point of inflection. 

Ans, The curve is first convex and 
then concave toward the axis of ab- 
scissas, and there is an inflection at the 
point x=b, 

Ex« 3. Determine whether the curve whose equation is 

y=3a:+iai:*— to% 
has a point of inflection. 
By differentiating, we find 

and ■T^=36— 12a?. 

Putting the second differential coefficient equal to aero, we 
obtain x=3. 

Take, therefore, AB==3, and 
draw the ordinate BC: C is ^ 
point of inflection. If x be be- j^ 
tween and 3, 36— 12a: is posi- 
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tive ; therefore the part AC of the curve is convex to AB ; 
but when x is greater than 3, 36— 12a; is negative, and there- 
fore the curve is concave toward the axis. 

(285.) Dbfinition. A multiple point is a point at which two 
or more branches of a curve intersect each other. 

Proposition VI.^ — Theorem* 

For a multiple pointy the first differential coefficient mrASt have 
several values. 

It is obvious that where two branches of a curve intersect, 
there must be two tangents which have different values ; and 
since the first differential coefficient expresses the tangent of 
the angle which the tangent makes with the axis of abscissas, 
this coefficient must have as many values as there are inter- 
secting branches. 

For a multiple point, the first differential coefficient generally 



reduces to the form of ~, which represents an indeterminate 

quantity, Algebra, Art 130. . 

Ex. 1. It is required io determine whether the curve repre* 
sented by the equation 

has a multiple point. 
Extracting the root of each member, we have 

y==bx(a--a:')l (1) 

By differentiating, we obtain 

We sec from equation (1) that every value of x gives two 
values of y with contrary signs ; hence the curve has two 
branches, which are symmetrical with respect to the axis of X. 
Also, when a:— =fcfl, y=0; that is, the curve cuts the axis of 
X at the points B and C, at the distances +a and —a from the 
origin. When a:=0, y=0; hence the two branches intersect 
at the origin A, which is therefore a multiple point. At this 
point there are two tangents given by equation (2), which, 
when a;:==0, reduces to 
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dx 

Hence one tangent line makes 
an angle with the axis of abscissas ^ 
whose tangent is +a, the other an 
angle whose tangent is —a. 

Ex. 2. It is required to determine whether the curve repre- 
sented by the equation 

y«=(:c-a)'(a:-6), 

has a multiple point 

An$. The point whose co*ordinates are x—cLj y=0, is a mul- 
tiple point 

(286.) Definition. A aup is a point at which two or more 
branches of a curve terminate and have a common tangent 
If the branches lie on different sides of the tangent, it is called 
a cusp of the first order; if both branches lie on the same side 
of the tangent, it is called a cusp of the second order. 

Since the axes of reference may be chosen at pleasure, we 
shall, for convenience, suppose the tangent at a cusp to be per- 
pendicular to the axis of abscissas. If the tangent is parallel 
to the axis of abscissas, we have but to transpose the terms 
abscissa and ordinate in the two following theorems. 



Proposition VII. — Theorem. 

(287.) A point of a curve at which the tangent is perpendicu- 
lar to the axis of abscissas, and the contiguous ordinates on 
each side of that point are real, and both greater or both less 
than the ordinate of the given point, is a cusp of the first order 

If P be a point of curve at which the 
tangent is perpendicular to AX, and if the 
ordinates FR', P"R", however near they 
may be taken to PR, are both greater than 
PR, it is evident that P will be the point 
of meeting of two branches which have 
PR for their common tangent, as repre- 
sented in the annexed figure. '' 

If P'R', P"R" are both less than PR, P will be the point of 
meeting of two branches which have PR for their common 
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tangent, but the branches will be situated 
as ia the figure annexed. 

Ex. 1. It is required to determine wheth- 
er the curve represented by the equation 

y=a+8(a;-6)', 
has a cusp of the first order. 
By difierentiatiog, we obtam 

dt/_ 4 

When x=^b, this coefficient becomes infinite, and the tangent 
will be perpendicular to the axis of abscissas at the point whose 
co-ordinates are x=b, y— a. 

Let us now substitute for x, in the equation of the curve, 
i+h and b~h successively; we shall obtain in each cose 

y=a-t-2A*; 
and hence y is kas when x=b, than for the adjacent values of 
X either greater or less than b. Hence there is a cusp at the 
point whose co-ordinates are x=b, y=a. 

Ex. 2. It is required to determine wheUier the curve repre- 
sented by the equation - 

y=a-^x-b)\ 
has a cusp of the first order. 

If we substitute for x, in the equation of the curve, b+h and 
b—h successively, we shall obtain in each case 

y=a-2A* 
and hence y is greater when x=b, than for the adjacent values 
of X either greater or less than b. Hence there is a cusp at 
the point whose co-ordinates are x=b, y=a. 

Ex. 3. It is required to determine whether the curve repre- 
sented by the equation 

x'=y', 
has a cusp of the first order. 
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Pboposition VIII.— 'Theorem. 

(288.) A point of a curve at which the tangent is perpendicu- 
lar to the axis of abscissas, and the contiguous abscissa upon 
one side of the given point, has two values both greater or both 
less than the abscissa of the given poinif is a cu^ of the second 
order. 

If P be a point of a curve at which 
the tangent is perpendicular to AX, and H! 
if corresponding to the ordinate AR', 
there are two abscissas P'RS P"R', both 
greater than PR, however near they ^ 
may be taken to PR, it is evident that 
P is the point of meeting of two branches 
which have PT for their common tan- ^' 
gent, as represented in the annexed figure. 

If FR', F'R' are both less than PR, 
P will be the point of meeting of two Bf 
branches which have PT for their com- 
mon tangent, but the branches will be 
situated as in the figure annexed. 

Ex. It is required to determine wheth- 
er the curve represented by the equation 

has a cusp of the second order. 
By diflferentiating, we obtain 

dy^ 1 

^ 2ydb|/ 

We see from the equation of the curve that the curve has 
two branches, both of which pass through the origin of co-or- 
dinates. When y=0, z=0, and the first difierential coeflS^cient 
reduces to infinity ; and hence the axis of x 
ordinates is tangent to both branches of the 
curve at the origin of co-ordinates. If y is 
supposed to be negative, z is imaginary; 
hence the curve does not extend below the 
axis of abscissas. 

If we suppose y = +A, we shall have 
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S 

When h is less than unity, }r is less than A\ and x will have 
two positive values, PR and FR ; hence the point A is a cusp 
of the second order. 

By a similar course of investigation, the cusps may be de- 
termined when the tangent is inclined to both the co-ordinate 
ases. 

(289.) Definition. An isolated point is a point whose co-or- 
dinates satisfy the equation of a curve, while the point itself is 
entirely detached from every other in the curve. 

Proposition IX. — Theobem. 

For an isolated pointy the first differential coefficient is equat 
to an imaginary constant. 

For since, by supposition, the proposed point is entirely de- 
tached from every other point of the curve, there can be no 
tangent line corresponding to that point, and consequently the 
value of the first differential coefficient must be imaginary. 

Ex. It is required to determine whether the curve represent- 
ed by the equation 

y*=a;(a+a:)*, 

has an isolated point. 
Extracting the square root, we find 

Hence, when x is negative, y will be imaginary. If a;=0, y=0, 
which shows that the curve passes through the origin A. For 
every positive value of x, y will have two real values, which 
shows that the curve has two branches extending indefinitely 
toward the right. 

The equation is also satisfied by the 
values a;= —a, y=0. Hence the point P, 
whose abscissa is ~a, is detached from 

all others in the curve, and is called an ^ 

isolated point. The form of the curve is 
such as exhibited in the annexed figure. 

(290.) From the preceding propositions it will be seen that, 
in order to trace out a curve from its equation, we first dis- 
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' '«: He xii:« renajxij** "icma W zcrir;^ x and if soocess- 

' ^ -^ «r: i2« 'xx 2sn :r nifn.rr. siif also dae fint and wecaad 

Ljftt-»fir..u r:#K£i::t*!ii3 ttv.^jx^ a: bbt:- 5r z&dtr. Then, to trace 

.le ^iz^* XL 'ue 2i»*.rxL:finj:«:«i :t lae jicksim tfaoi determined, 

vifsi \:e'' rzctKir a: rr^aeir ult rccs^^arTrr, we increaae one 

'* tut !5^-:rtJia2fcf :t a tctt wra." rsirrirr, and observe the 

•f^fTZ in* HL ne icitsr ac— iruiaie^ Haring determined the 

« ^c'lior ^•:»s"3» liiii *ia.T:.nfrf rie ororae of the carve in their 

iri.nfrr.ire -rrn.rr. w» raa eaalr trace the remainder of the 

iT^-*:. ij i«;,r2.:i^ X r a^ 5 zrrttmj Tallies at pleasure. 
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SECTION L 

INTEGRATION OF MONOMIAL DIFFERENTIALS — OF BINOMIAL 
DIFFERENTIALS — OF THE DIFFERENTIALS OF CIRCULAR 
ARCS. 

Abticle (291.) The Integral Calculus is the reverse of the 
DifTerential Calculus, its object being to determine the expres- 
sion or function from which a given differential has been de- 
rived. 

Thus we have found that the differential of :z;* is 2xdx; 
therefore, if we have given 2zdZf we know that it must have 
been derived from a:', or x* plus a constant term. 

(292.) The function from which the given differential has 
been derived, is called its iniegrcU. Hence, as we are not cer- 
tain whether the integral has a constant quantity or not added 
to it, we annex a constant quantity represented by C, the value 
of which is to be determined from the nature of the problem. 

(293.) Leibnitz considered the differentials of functions as 
indefinitely small differences, and the sum of these indefinitely 
small differences he regarded as making up the function ; hence 
the letter S was placed before the differential to show that the 
sum was to be taken. As it was frequently required to place 
S before a compound expression, it was elongated into the. sign 
/, which, being placed before a differential, denotes that its in- 
tegral is to be taken. Thus, 

f2xdx=^x^+C. 

This sign / is still retained even by those who reject the 
philosophy of Leibnitz. 

(294.) We have seen that the differential coefficient ex- 
presses the ratio of the rate of variation of the function to that 
of the independent variable. Hence, when we have given a 
certain differential to find its integral, it is to be understood 
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that we have given a certain quantity which varies uniformly, 
and the ratio of its rate of variation to another quantity de- 
pending on it and given quantities, to find the value of that 
quantity. 
Thus, if we have given 

to find its integral, we have given a quantity x which varies 
uniformly, and the ratio of its rate of variation to that of v , to 
find the value of u. And since 

fSx*dx=^x\ 

we know that u equals ar*, or x*+C. 

Ex. There is a quantity x which increases uniformly, and 
the rate of its variation, compared with another quantity de- 
pending on it, is as 1 to ca^ ; required the value of this* quan- 
tity when a=9 and a:=10. 

Let «=the quantity required. 

Then dx :du:: I : oaf. 

Hence du^ax^dx^ 

and fdu^fax^dzt 

ax* 
or ^-'^' 

Hence the number required is 

fXlO*=3000. 

(295.) We have seen <Art. 176) that the differential of the 
product of a variable multiplied by a constant, is equal to the 
constant multiplied by the differential of the variable. Hence 
we conclude that the integral of any differential multiplied by 
a constant quantity, is 6qual to the constant multiplied by the 
integral of the differential. 

Thus, since the differential of ox is adx^ it follows that 

fadx=^ax=^afdx. 
Hence, 

Proposition I. — Theorem. 

If the expression to be integrated have a constant factor^ this 
factor may be placed without the sign of integrcUi^n, 

Thus, fabx*dx=abfx'dx. 

(296.) We have seen (Art. 179) that the differential of a 
function composed of several terms, is equal to the sum or dif- 
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ference of the differentials taken separately. Hence the in- 
tegral of a differential expression composed of several terms is 
equal to the sum or difference of the integrals taken separate- 
ly. Thus, since the differential of 

is 2a*xdx—6ax*dz^dXf 

we conclude that fi^a^xdx—^ax^dx-^dx) 

is aV+2aa:*— ar. 
Hence we derive 

Proposition II. — Theorem. 

The integral of the sum or difference of any number of differ- 
entialsj is equal to the sum or difference of their respective in- 
tegrals. 

(297.) We have seen (Art. 177) that every constant quan- 
' tity connected with the variable by the sign plus or minus 
will disappear in differentiation ; that is, the differential of u+C 
is the same as that of u. Consequently, the same differential 
may answer to several integral functions, differing from each 
other only in the value of the constant term. Hence 

Proposition III. — Theorem. 

In integrating, a constant term must always be added to the 
integral. 

Thus, fdu-u+C. 

(298.) We have found (Art. 186) that the differential of 
a:"+Ms {m+l)zrdx. 

Hence a?"(fe= — rT=^l — rr J • 

m+1 \»i+l/ 

Therefore — rr is the function whose differential is z'^dx, or 
wi+l 

/a:»(fe=— P7+C. 
•^ m+l 

Hence 

Proposition IV. — Theorem. 

To find the integral of a monomial differential of the form 
x'^dx, increase the exponent of the variable by unity, and then 
divide by the new exponent and by the differential of the variable. 

Ex. 1. The rate of variation of the independent variable x, 
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is to the rate of variation of a certain algebraic expression as 

1 to rx' ; it is required to find that expression. 



Ans. -^r+C 



Ex. 8. What is the integral of ^^- ? 



x' 



Ans. -^+0. 



Ex. 3. What is the integral of x'dz f 



Ans. |a;*+C. 



dx —X 
Ex. 4. What IS the integral of — or x^dx ? 



Ans. 2x^+0, 



f 



Ex. 5. What is the integral of — ;• or x~*dx f 

X 



An,. -^ or ~+C. 

dx 
Ex. 6. What is the integral of ax*dx+jr—- f 

« V iC 

ax* i ^ 

Ans* -5-+a:'+C. 

Ex. 7. If the side of a square increases uniformly at the rate 
of ^^ of an inch per second, what is the area of the square 
when it is increasing at the rate of a square inch per second ? 

Ans. 

(299.) There is one case in which the preceding rule fails. 
It is that in which the exponent m is equal to —1. For in this 
case we have, according to the rule, 

•^ -1 + 1 * 

which shows that the rule is inapplicable. 

dx 
But x^^dx is the same as — , and we know (Art. 215) that 

this expression was obtained by differentiating the logarithm 
of the denominator. Therefore 



fx^^dx or / — =log. x+C. 

•/ X 
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/adx 
=<z log.x+C. 

Hence we have 

Proposition V. — ^Theorem. 

If the nu^nerator of a fraction is the product of a constant 
quantity by the differential of the denominator^ its integral is the 
product of the constant by the Naperian logarithm of the de- 
nominator. 

dx 
Ex. 1. What is the integral of --- ? 

a+x 

Ans. log. (a+x)+C. 

Qbxdjs 

Ex. 2. What is the integral of , , ? 

a'T'Ox 

Ans. log. (a+bx*)+C. 

adx 
Ex. 3. What is the integral of -^ f 

Ans. 

ax^dx 
Ex. 4. What is the integral of — i— ? 

Ans. 

Proposition VI. — Theorem. 

(800.) Every polynomial of tfie form 

{a+bx+cx*+^ etc.)"dr, 

in which n is a positive whole number^ may be integrated by 
raising the quantity within the parenthesis to the nth power y 
multiplying each term by dx, and then integrating each term 
separately. 

This is an obvioos consequence of Proposition II. 

Ex. 1. What is the integral of {a+bxydx t. 
Expanding the quantity within the parenthesis, and multi- 
plying each term by dx, we have 

a*dx+2abxdx+bVdx. 

Integrating each term separately, we obtain 

ft V 
a^x+abx^^ — - — l-C, 

which is the integral sought. 
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Ex. 2. What is the integral of {b+liydx J 

Am. 

Ex. a What is the integral of (a+Sa^^dz f 

Ans, 

(301.) We have seen (Art 188) that any power of a poly- . 
nomial may be differentiated by diminishing the exponent of 
the power by unity, and then multiplying by the primitive ex- 
ponent and by the differential of the polynomial. Thus the 
differential of (ax+z^* is 

B{ax+2^*{adz+2zdx). 
Hence we deduce 

Faoposinoif VII^ — Thsoeem. 

In order to integrate a compound expression consisting of any 
power of a polynomial multiplied by its differential^ increase the 
exponent of the polynomial by unity f and then divide by the new 
exponent^ and by the differential of the polynomial 

Ex. 1. What is the integral of (a+Sxyfixdx ? 

An,. <^+C. 

Ex. 2. What is the integral of (!tx*-\)^dx f 

AMi* 
(902.) The preceding rule is equally applicable when the 
exponent of the polynomial is firactional. 

Ex. «. What is the int^ral of (x+ax)^{dx+adx) ? 

Am. \{x+axf+C. 

dx 
Ex. 4. What is the integral of \ ? 

(l+xY 

Ans. 

Ex. & What is the integral of (ax'+6x')'(2ax+d&r')^ t 

Ans. 

Ex. 0, What is the integral of {ax'\-bx'f{a+2bx)dx? 

Ans. 
(909.) Any binomial differential of the form 

rfu=(a+&i:')-a:^'&T, 
in which the exponent of the variable without the parenthesis 
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is one less than the exponent of the variable within, may be 
integrated in the same manner. 

Let us put y=a+6a:". 

Then dy^bnx'^^dx^ 

dy 
• and T^^x^'^dx. 

on 

dy 
Therefore du=y^-^9 

and tt= . , -., — hC, 



or 

Hence we deduce 



{m+l)bn 

it= \ . ,,. +C. 
{m+l)bn 



Proposition VIII. — Theoreh* 

To integrate a binomial differential when the exponent of the 
variable without the parenthesis is one less than that wiMn^ in* 
crease the exponent of the binomial by unity, and divide by the 
product of the new exponent^ the coeficient, and the exponent of 
the tari(d>le within the parenthesis. 

Ex. 1. What is the integral oi du^{a+^x^*xdxf 
liet us put y=a+3a:^ ; 

Therefore d^=^^9 

and «=y:=(£±?^Vc. 

^ 24 24 ^ 

Ex; 2. What is the integral of {a+ba^ymxdx ? 

Ans. ^(a+te«)*+a 

Ex. 3. What is the integral of , ? 

Am. Vo'+ar'+C. 
Ex. 4. What is the integral of {a+bx'^^exdx ? 

Ans. ^^^+C 
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Ex. 6. What is the integral of (a'+a?")*aiwj— 'ir ? 

Ans. 

Ex, 6. If X increase uniformly at the rate of one inch per 
second, what is the form and value of the expression which is 

increasing at the rate of -= inches per second, when 

X = 1 inches ? Ans, 

(304.) To complete each integral as determined by the pre- 
ceding rules, we have added a constant quantity C. While 
the value of this constant is unknown, the expression is called 
an indefinite integral. But in the application of the calculus to 
the solution of real problems, the complete value of the integral 
is determined by the conditions of the problem. We may de- 
termine the value of the constant, or make it disappear entire- 
ly from the integral, in the following manner. If we suppose 
the independent variable and the integral to begin to exist at 
the same instant, then when x=0, the integral =0, and conse- 
quently C=0. 

Again, if we suppose the integral to begin to exist, or to 
have its origin when x becomes equal to a given quantity a, 
the value of C may then be determined. 

When the value of the constant has been determined, and a 
particular value assigned to the independent variable, the 
value of the integral is then known, and is called a definite in- 
tegral. 

Ex. 1. Represent the base of the tri- 
angle ABC by x^ and the perpendicular 
by nx^ then the area of the triangle is 
\nx^, whose diflbrential is 

nxdx. 

If we take the integral of nxdx accord- -^ 
ing to Prop. IV., we obtain 

fnxdx=^i^nx* -{-Cj 
which represents the area of the triangle ABC. 

The constant is determined by observing that the base x, 
and the area of the triangle begin to exist at the same time; 
hence when x=0, the integral =0 ; that is, 

ina:«-fC=0, 
and consequently C=0. 
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Ag^in^ sdppose we Mrinh to obtain an expression for the area 
of the trapezoid EDF6, contained between the two perpendic* 
ulars DE, F6. We must first obtain the area of the triangle 
ADE. Suppose the variable x to be equal to AD, which we 
will represent by a, then the area of ADE will be expressed by 

Jna»+C. 

. Next suppose the variable x to become equal to AF, which we 
will represent by 6, then the area of AFG will be expressed by 

Subtracting the former expression from the latter, we obtain 
the area of the trapezoid EDFG, 

(305.) Hence we find that t/ie constant C may be made to dis- 
ofipear by giving two successive values to the independent varia- 
6fe, and taking the difference between the two integrals corre- 
ponding to these values. 

When we take the excess of the value of an integral when 
the independent variable has become equal to b, above its value 
when it was only equal to a, we are said to integrate betweeh 
the limits of a;=a and :i;=&. 

This is indicated by the sign / . 

Thus, Pnxdx=inV-ina*=^^^^. 

Ex. 2. Integrate f2xdXf and illustrate the case by a geo- 
metrical example. 

Ans, 

Ex. 3. Integrate / 32^dx ; illustrate the case by a geomet* 

rical example, and determine its numerical value when a=4 

and 6=6. 

Ans. 

Ex. 4. Integrate / -^dx ; illustrate the case by a geomet- 
rical example, and determine the valoe of the definite integral 
between the limits a=2 and' 6=3. 

Ans. 

•^dxi Ulu0trate the caw by a geomet- 
P 
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neal example, and determine the vmloe of the definite integral 
between the limita a=4 and &=6. 

Am. 

Ex. 6. What b the raloe t^/]^2(e+z)(£^ when a= 10, b=30, 
and «=4 f and Ulasttate the exereiae by a geometrical Sgure. 
. Ams. 

Ex. 7. What n the raloe or/^3(e+az^*9>zdr. when a=4, 
b=6,e=4.ai)da=St 

.^as. 

Ex. a What t« the Tsloe of f —t—, wb«ai a=2, 6=3, and 
* « e+* 

e=4f 



DTTEGKATIO!* BT SESIES. 
(306.) If it is required to integrate an expresdon of the form 
Xt£r, 
in which X is a function of j:, it is often best to develop x into 
a series, and then, after mnltiplying by cfr, to integrate each 
term sepaiatdy. This is called integrating by series, since we 
-' t obtain a series equal to the integral of tlM given expres- 
, from which we may dcdnce the af^aoximate value of 
integral when the series is a ooaverging one. 



Ix. 1. It is required to initiate iSaa eqiresam 
y the biiKMnial theorem, we find 

j— or {l+x)-'=l-x+i'-x*+z'-, etc. 

[ultiplyiog by dx, we have 
dx 



\+x 



int^rating each term separatdy. we obtain 

X. S. h is required to int^rate the expresntm r^p- 



fr. 
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By the binomial theorem, we find 
1 



5 or (l+a:*)-*=l-ar*+a:*-a:*+, etc 



l+x 

dx 
Whence yq— =dfc— x*dir+x*cii:— a:*dr+, etc,, 

/• dt X* X* z' 

dx 
Ex. 3. What is the integral of ? 

Ans. 

dx 
Ex. 4. What is the integral of 7 rr ? 

Ans. 
Ex. 5. What is the integral of , ^ 7 

Ans. 

IMTBGRATION OP THE DIFFERENTIALS OF CIRCULAR ARCS. 

(307.) We have found in Art. 227, that if z designates an 
arc, and y its sine, the radius of the circle bemg unity, 

dx= /-— = * 

Hence J , ^ =^+0. 

If the arc be estimated from the beginning of the first quad- 
rant, the sine will be when the arc is 0, and consequently C 
equals zero. 

Therefore the entire integral is 

/-j====the arc of which y is the sine. 
If it were required to integrate an expression of the form 

&=_^. (1) 

it may be done by the aid of an auxiliary variable. 

Assume t>=- or y=av. 

a 

Then dy=aJt?, and Va"— y*=aVl— u*. 



J 
\ 






r 
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Substltntiog these raloee in equation (1), w» haw 

4lr 



*=■ 



HeDce z=tbe arc whose sine is e, 

or z=the arc whose nne is -• 

Ex. Int^rate the expression 



Ant. z=the arc whose sine is ^. 

(M8.) We hare Ibandin ArL 227, that if z desigoates an arc 
and y' its cosine, the radios of the circle bdng unity. 



dz= 



Vl-y^ 



Hence J 7 = g+C. 

To determine the constant C, we see that 
if the arc be estimated from B, the beginning 
of the first quadrant, the cosine becomes O ^ 
when the arc becomes a quadrant, which is 
represented by ^n; hence the first member 
of the equation becomes equal to \n when ^ 
y'=0. But under this supposition the arc " 

whose cosine is becomes ^ir; hence C=0, and the entire m 
tegral is 

■ .:■■ =stbe arc whose cosine is y*» 
If it were required to integrate an expression of the form 

it may be done by the aid of an auxiliary variable, as in Art. 
807, and we shall find 

z=the arc whose cosine is ~. 

a 

(809.) We hare found in Art. 327, that if z dmgnates an 

arc, and t its tangent, 

. dt 



/: 
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Hence Ji:ff-*+^ 

If the arc in estimated from the begimung of the first^uad- 
rant, we shall have 

/•(ft 
!rq-3=0 ; henoe C=0, 

and the entire integral is 

/----3=the arc of which < is the tangent 

If it were required to integrate tOk expression of the f<»rm 

dt 

(1) 



it may be done by the aid of an auxiliary variable. 

i 
Assume t>=- or t^av ; 

a 

then dt=adv. 

Substituting in equation (1), we have 

Hence z^^-xarc whose tangent is i>, 

1 , . t 

or «=-Xarc whose tangent is -. 

(310.) We have found, Art. 227, that if z designates an arc, 
and X its versed sine, 

dx 



&= 



» I I ». • 



V2x''x' 



Hence / , - =z+C. 

^ V2x^x* 

If the arc is estimated from the beginning of the first quad- 
rant, we shall have 

and the entire integral is 

/' dx , 

=the arc of which x is tbe versed sine. 
- V2a;-x* 

If it were required to integrate an expression of the form 
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dx=-7=i==, (J) 

it may be done by the aid of an auxiliary variable* 

X 

Assume «=- or x^av; 

a 

then dx=€uh). 

Substituting in equation (1), we have 

adv dv 



dz=^ 



Hence z=tbe arc whose versed sine is v, 

or z=the arc whose versed sine is -. 

a 
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Proposition IX. — Theorem. 

(81 1.) Every binomial differenticd can he reduced to the form 

p 
x'^\a+h3f'Ydx, 

in which the exponents m and n are whok numbers^ and n is 
positive. 

1st. For if m and n were fractional, and the binomial were 
of the form 

x^{a+hx^^dx^ 

we may substitute for x another variable, with an exponent 
equal to the least common multiple of the denominators of the 
given exponents, by which means the proposed binomial will 
be transformed into one in which the e'xponents of the variable 
are whole numbers. 

Thus, if we make a:=z*, we find 

x^{a+hx^'^dx-%z\a+hx^Ydz, 

in which the exponents of % are whole numbers. 
2d. If n were negative, or the expression were of the form 

x'^^a-^^hx-^fdx 
we may put x=-, in which qase we shall obtain 
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-2—- '(a+fe-)vfe, ' 

in which the exponent of the variable within the parentheais 
is positive. 

dd. If the variable z were found in both terms of the bino- 
mial, and the expression were of the form 

we may divide the binomial within the parenthesis by afy and 

multiply the factor without the parenthesis by x^, and we shall 
obtain 

in which but one of the terms within the parenthesis contains 
the variable x. 

9. 

Proposition X.— Thborbm. 

(312.) Every binomial differential^ in which the exponent of 
the parenthesis is a whole number andpositive^ can be integrated 
by raising the quantity within the parenthesis to the proposed 
power ^ multiplying each term by the factor^ without the paren- 
thesis, and then integrating each term separately. 

This results directly from Proposition II. 

Ex. L Integrate the expression 

du^x*(a+bx^^dx. 
Expanding the binomial, we obtain 

du=a^x*dx+2abx^dx+Vx*dx* 

And integrating each term separately, we find 

a*x* abx* b*x* ^ 

Ex. 2. Integrate the expression 

du=x*(a+bx*)*dx. 

aV Sa^bx^ Sab'x' . b*x'* . ^ 

Ex. 3. Integrate the expression 

du=^x*{a+bxydx, 
Ans. 



1232 IllTEOKAL CALCtffiUft. 

Ex. 4. Integrate the expression 

Ans. 

PRd^Ofcrtio* XI.-^Theor«m. 

(313.) Every binomiat ctifferential can be integrated^ when the 
exponent of the variable without the parenthesis^ increased by 
unity, is exactly divisible by the exponent of ike variable within. 

For this purpose, we substitute for the binomial within the 
parenthesis, a new variable having an exponent equal to the 
denominator of the exponent of the parenthesis. 

Let us assume a+te"=x'. 

p • 

Then (a+6x")^=^^ (1) 

Also, a;"=— r — t 






and 

and, by differentiating, 

mx-&:=^-(^)" dz. (2) 

Multiplying together equations (1) and (2), and dividing by 
m, we obtain 

ar''(a+bx^ydx='^^^^' \—r-) dz, 

which, according to Prop. X., can be integrated when — is a 

tn 
whole number and positive. If — is negative, we may, by 

Formula D, Art. 323, increase the exponent until it becomes 
positive. 

Ex. 1. Integrate the expression 

Assume a+bx*=z\ 

Then (a+te')*xrt'. (l) 

Also, ^=-jr~ (2) 
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and xdx=-r-, (3) 

Multiplying together equations (1), (*^), and (3), we obtain 

Hence „=___+c. 

Replacing the value of z, we Sod 

Ex. 2. Integrate the expression 

Assume a+6x'=2*. 

Then (a+6x')'=z. (1) 

Also, ^*=^T^ (^) 

ZI6: 

and ardr=-r-. (3) 

Hence rftt= f — j— J -7-, 

z Wz — 2az Vz -f a'z'(f z 



or rfi4= 



b' 



, z' 2az* rt'z' _, 

and ^=_.__+_+C. 

Restoring the value of z, we find 

_ {a+bxy' 2a{a-^bx^)^ a\a-\-bx'f 
""■ 76" ~ 56' "^ 36' ■'" • 

Ex. 3. Integrate the expression 

2 
du^x^{a+bx''y(ir. 

S{a-{-bxY ^a{a+bxy Sa\a-\-bxY ^ ^ 
^^'- ^="-"226^^ 86^ + Toy— +^- 

Ex. 4. Integrate the expression 

<iu=x^(a'-x*) dx. 
If we put a—x^=z^, we find 
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Whence «=— ax-i-— +C, 

or ii=-fl(a~x') + ^ 3 +0. 

Ex. 5. Integrate the expression 

If we put «=a*+a:', we find 

zdz a*dz 



2 '•-*^2z' 
and «=^-a'z+| log. z+C. 

tt=(-^j - a«(a-+a:*)+ 2" log. (a'+xO+C. 



or 



Proposition XII. — Theorem. 

(314.) Every binomial differential can be integrated^ wtien 
the exponent of the variable without the parenthesis^ augmented 
by unity 9 and divided by the exponent of the variabk within the 
parenthesis, plus the exponent of the parenthesis, is a whole 
number. 

The binomial z""'(a+6x")'»(fa, may be written 

x-'[(|,+6)x-]W 

E 2 

or a:"~*(ar~'+ft)'>x*»dar, 

which equals x ' (ar~"+ft)'*dr, 

which, according to the preceding Proposition, can be inte- 
grated when 

np 



m+ 



is a whole number. 



n 

or ( — h— I is a whole number. 

\n q) 

Ex. 1. Integrate the expression 
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Put vV=l+x\ 

Then (l+a:')"^= «-«-•. (1) 

Also, «•= 



v'-V 



Whence dx= . , ^.„ (2) 

and l=a:Xt>'-l)*. (3) 

Multiplying together equations (1), (2), and (3), we have 

-^ adv * 

d«=a(l +x')^dii:= -^. 

Whence tt=-=-7==;:+C. 

Ex. 2. Integrate the expression 

du=x^(l — a:*) di. 

Put tjV=l-a:\ 

Then «-•=«•+ 1, 

and «-*=(«•+ 1)'. (1) 

Also, ' a:=(t)«+l)"*. 

Whence dx=-{v*+l)~^vdv. (2) 



(i_,.)-i=i=(5:±i)!, 



Also, (l-a:V=— = ^ (3) 

Multiplying together equations (1), (2), and (3), we have 
dtt=x-*(l -x^y^dx^ - {v^+l)dv. 
Whence tt=---t,= — ^ -^ .+C, 

o o 

I+2x' J 

or tt= to^^ ^^"'■^* 



Ex. 3. Integrate the expression 



dx 



Va'+x« 



Put v=x+ Va'+x*. 



xd!x x+ Vfl'+x' - 

Then &=cfe+ ^- , = — j===-dx. 

Va'+x' Va'+x* 

rft> rfx 
Therefore — = ^ ' ■ ■ 

t) Va"+x* 
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Consequently we have 

Ex. 4. Integrate the expression 

x'dx 



«.= 



Va'+x* 

Put «=(rfx'+x*)i 

-„. , i^zdx-k'2x*dx 
Whence ifc= j— , 

a"<fe 2z'd!r 
or at>= j+ J, 

{(f+xy {a'-^xy 
or rf«=a'rfX,+2iX„ 

where X« has the same value as in Ex. 8l 
Whence <a.=#-*''^- 



aod X,= 



2 2 
2 3 ' 



or X.x=|(a»+aO*-|Xv 

(315.) When a binomial differential can not be integrated by 
either of the preceding methods, its integral may be made to 
depend upon the integral of another diflferential of a simpler 
form. This is effected by resolving the binomial into two 
parts, one of which has a known integral 

We have seen, Art. 180, that 

d{uv) = udv + vdu ; 
whence, by integrating, 

uv=fudv +fvdu^ 
and consequently, 

fudv^uv-^fvdUf (1) 

a formula which reduces the integration of udv to that of vdu, 
and which is known by the name of integration by parts. 

For greater convenience, we shall represent the binomial 
differential by x''{a+bx^ydXf where p is supposed to be a frac- 
tion, but m and n are whole numbers. 
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Proposition XIII. — ^Theorem. 

(dl6.) The integral of any differential of the form 

x"((i+6x-)'(fo, 

may be made to depend upon the integral of another differential 
of the same form f htU in which the exponent of the variable with- 
out the parenthesis is diminished by the exponent of the variable 
unthin the parenthesis. 

Let us put tJ=(a+6x°)% 

where s is an exponent to which any value may be assigned, 
as may be found most convenient. 
Difierentiating, we find 

dv=bnsx'^'{a+bx')'^'dx. 
If then we assume 

udv=xr{a+bxydx, 

ar^'(a+bA^-*** 

we must have «= n: * 

ons 

« 

and, by differentiating, 

, (»i-n+l)a:"-(<i+6a:'»)»-^' (o-*+l)a:"(a+6a:*)^. 

au= r or -i -ax. 

bns s 

But (a+6x")'"^*=(a+5x-)(a+te-)p- ' 

Hence 

L tfus ns J 

Let the value of s be taken such that 

m+l+«p— n«=0; 

that IS, *= hPf 

n ^ 

and we ^11 have 

_ fl(m— n+l)«"^(a+6a;")^ 

b^np+m+l) 

Substituting the values of u, v, du, and d% here given, in 
formula (1), Art. 315, we obtain 

FoftM0LA A* 

fx ia+baf^'dx- 6(n;>+»i+l> ~' 



^ I 
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by which the integral of the proposed differential is made to 
depend upon the integral of 

in which the exponent of the factor x" without the parenthesis, 
is diminished by that of a^, the variable within the parenthesis ; 
and by a similar process we should find 

fir^(a+b2^ydz, 
to depend on f3f''^{a+bafydx ; 

and by continuing this process, the exponent of the factor with- 
out the parenthesis may be diminished imtil it is less than n. 

(317.) We have firequent occasion to integrate binomial dif- 
ferentials of the form 



£«.= 



This may be done by Formula A, Art. 316, by substituting 

a' for a, 

-1 for 6, 

2 for n, 

— ^forp. 

Whence we obtain 

Formula a. 

Ex. 1. Integrate the expression 

.. adx 



Vo'-x' 



We have found in Art ^26, that ,^ is the differential 

of an arc of a circle of which R is the radius and y is the sine. 
Hence dH^ is the differential of a circular arc, and X, is the 
arc of a circle of which a is the radius and x is the sine. 

Ex. 2. Integrate the exjuression 

^«, xi'dx 

Make m, in Formula a, equal to 2, and the formula reduces to 
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where X, has the same value as in Ex. 1. 
Ex. 3. Integrate the expression 

Make m, id Formula a, equal to 4, and the formula reduces 

where X, has the same value as in Ex. 3. 
Ex. 4. Integrate the expression 

Make m, in Formula a, equal to 6, and the formula reduces 



where X, has the same value as in Ex, 3. 
Ex. 5. Integrate the expression 

Make m, in Formula a, equal to 8, and the formula reducea 



where X« has the same value as in Ex. 4. 

(318.) Formula a reduces the binomial difierential 

J ^~^^^ 
to that of r^ r-^dx _ 



-x" 

and, in a similar manner, this is found to depend upon 
rar^dx 

and so on ; so that after — operations, when m is an even nui 
her, the integral is found to depend upon 



1 
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dx 



f 



Va'-z* 



which represents a circular arc whose sine is -. 
In a similar manner is derived 

Formula 6. 



Ex. Integrate the expression 

^„ x^dx 



Make m=4, in Formula ht and it reduces to 

x^dx 






The integral of . = has been nven in Art 314, Ex. 4. 

(S19.) The binomial \ 

rr - ^^ 

v2ax— ar 

may be integrated by means of Formula A, Art. 316, by making 
the proper substitutions. It may, however, be integrated by 
an independent process as follows: 

Let us put D=jr~* •8aa?— x% or (3aa:*^*— o:*^* 



Differentiating, we find 

rftj= 1 , 

a(2m— l)x"~'d!r ma:"d!r 

(2aj:-x')* (2ai:-x')* 
But this last term is equal to m,dS.m ; hence 

j^ a{2m—l)jr^'dx dv 

m{2ax-xy ^ 
and, by integrating we obtain 
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Formula c. 

which diminishes the exponent of the variable without the 
parentheris by unity. 

Ex. 1. Integrate the expression 



dtX^^ 



V2ax^x* 



Rdx 
We have found in Art 226, that -p=== is the differential 

y2lLr-a:' 

of an arc of a circle of which R is the radius and x is the versed 

sine. Hence dX, is the difl^rential of a circular arc, and X« is 

the arc of a circle of which a is the radius and^ x is the versed 

sine. 

EJx. 2. Integrate the expression 

•«. xdx 

V2ax—x^ 

Make m, in Formula c, equal to unity, and the formula re- 
duces to 



Xi=X0— V2ax--x\ 
where X, has the same value as in Ex. I. 

Ex. 3. Integrate the expression 



V2aaJ-^a;' 
Make m, in iW inula- c, equal to 3, and thid fornmla' reduces to 



3a. 



X,=— Xi~ V2aX'-x\ 

where Xi has the same value as in Ex. 2. 

Ex. 4. Integrate the expression 

x'dx 



V2ax— ap" 

Make m, in Formula c, equal to 3, and the formula reduces to 

6a« «*" 



Xa^yXj-— V2aa:— x', 
where X, has the same value as in Ex. 3. 

Q 
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Ex. 5. Integrate the expression 

x^dx 



/2aa:— «"' 
Make lii, in Formula c, equal to 4, and the formula reduces to 

where X^ has the same value as in Ex. 4. 
(320.) Formula c reduces the differential binomid 

iTdx 



f 
f 



V2aar— z** 
dx 



to that of ff , — , , 

v2ax— x" 

and, in a similar manner, this will be found to depend upon 



/ 



V2ax—x 

and so on ; so that after m operations, when m is a whole num- 
ber, the integral is found to depend upon 

dx 



f 



V2aX'^x*^ 

x 
which represents the arc whose versed sme is -• 

Ex. 6. It is required to find the integral of 

x'dx 
V2ax^j^ 
Substituting, in Formula c, } for m, we obtain 

x'dx _4a f x^dx 2ag* 
V2ax-x*'^^J V2aa:-x* 8 

x^dx dx 



/x^dx 4a C « ^ 2«' 5 
=-3- 1 . ' — ;^ v2aa:— ar. 



But 



V2ax— X* V2a— X 
Also 

-•20— X 
.1 



/-====— 2 V2a—x. 



„ /^ x^dt 8a ,- 2x ,- 

Hence / = — — v 2a— x — ^ v2a— x. 

J V2ax-x* 8 8 

(321.) Formula A will only diminish the exponent in when 
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m is positive ; but we may easily deduce firom this formula an* 
other which will diminish the exponent when it is negative* 
For this purpose, multiply Fcnrmula A by the denominator 
b{np+m+l)^w[kd transposing the term which does net contain 
the sign of integration* we obtain 

FOKMULA B. 

Ex. 1. Find the integral of • ' , 

^ 1, or ar*(l +«•)"*&?. 



Substituting, in Formula B, —2 for m^-n^ 

1 for a» 

1 for b, 
3 for n, 

and "^i for /^v we obtain 

Ex. 3. Find the integral of 

dx v-l 
r, or a:"*(2— a:*)^dir. 

x*(2-x«)* 

Substituting, in Formula B, —2 for m— n, 

2 for a, 
-Iforfc, 

2 forn, 
and — I for /», we obtain 

Proposition XIV.— ^Theorem. 

(322.) The integral of any differential of the form 

x-(a+te-)'dir, 

may be made to depend upon the inUgrcd of another differential 
of the sameform^ but in which the exponent of the parenthesis is 
diminished by unity. 

Let us put v=2f, 
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where s U an «xpooeiii to wbtek any vi^ may be aaaigiied, 
a» may be. fouod oaosl ooaveiiieBt 
DiAreatiatiogy we find 

If then we assame udv=af{€u+lKtfydx9 

we must have ic=s (a+bafY ; 

andt by diffeceiiiiatiog^ 

But ' {a+bx^y=:{a+b3f)(a+hxf')^\ 

Hence 

Let the value of « be taken such that 

»— »*4-l+np=0; 
that U, s^m+ 1 +np, 

we shall have du^ — ^ — ^ — r—-^ . 

np+m+l 

Substituting the values of v, «» </ti, and do here g^ven in 
formula (1)» Art 815» we obtain 

Formula C. 

fir{a+b^ydx np+m+l "^^ 

by which the value of the required integral is made to depend 
upon another having the exponent of the binomial less by unity. 
The value of this new integral may, by the same formula, be 
made to depend upon that of an integral in which the exponent 
of the binomial is still further diminished ; and so on until the 
exponent of the binomial is reduced to a fraction less than unity. 

Ex. 1. Find the integral of the expression 

dxVa*+z*, 
We may diminish the exponent of the binomial by unity by 
substituting^ in Formula C, for m, 

<i* for €tf 

1 fork, 

2 for n, 

^ for p, and we obtain 
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But by Ex. S, Art 314, 

Hence fdx ^/7+P^'^^^^^+^ log. {x^ V7+?I 
Ex. 2. Find the intend of the expresiion 

. xVx*— a" a*. - ,— s — ji 
iiiu. — log. [x+ Vx*— o^J. 

(323.) Formula C will only diminish the exponent of the 
parenthesis when the exponent is positive ; but we may easily 
deduce from this formula another which will diminish the ex- 
ponent when it is negative. For this purpose, multiply Form* 
ula C by the denominator np+m+ly and transposing the term 
which does not contain the sign of integration, we obtain 

FOBMUI.A D. 

Ex. 1. F^d the integral of 

(2-a:")"'dir. 

Substituting, in Formula D, for m, 

2 for a, 
-1 for ft, 
2 for n, 
and — I for |)— 1, we obtain 



/(2-x-)"*di=5(2-a:0"*. 



X 

or 



2' ' • 2i/2^:F 

Ex. 2. Find the integral of 

xdz > 

— : i, or x{l+x') dx. 

{l+xy 

Substituting, in Formula D, 1 for m, 

1 lor a, 
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1 for b, 
S for 119 
and ^^ for />^1, we obtain 

fx{l +xy^dx=: - j(l +«')*+2/xa +x')'ir. 

where z(l+x^^dz may be developed in a series, and eaeh 
term integrated separately. 



SECTION II. 

APPLICATIONS OP THE INTEGKAL CALCULUS— RECTIHCATION . 

OF CURVES. 

(324») To rectify a curve is to obtain a straight line equal to 
an arc of the curve. When an expression for the length of 
a curve can be found in. a finite number of algebraic terms, 
the curve is said to be recti/iabk. 

We have found (Art. 251) that the differential of an arc of 
a curve, referred to rectangular co-ordinates, is 

dz=^Vdx'+dy'i 
vehence «=/'/dr*+^, (1) 

which is a general expression for the length of an indefinite 
portion of any curve referred to rectangular co-ordinates. 

In order, then, to rectify a curve given by its equation, we 
differentiate its equation^ and deduce from it the valtie of Ax or 
dy, which we substitute in expression (1). The radical will then 
contain but one variable^ which being the differential of the arc, 
its integral will be the length of the arc itself 

Ex. 1. It is required to find the length of an arc of the semi- 
cubical parabola vvrhose equation is 

t^j==a^x\ 

3 

The value of x in this equation is ^ 
Differentiating this equation, we have 

2a ' 

9y • 
and consequently, . ife*= j^rfy*. 

Substituting this value in the differential of the arc, we have 
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Integrating by Art. 303, we have 

To determine the constant C, we see, from the equation of 
the curve, that at the origin of abscissas y=0, and consequently 
z^O; hence 

and consequently the entire integral is 

_ (9y+4aV M 
*"" 27a 27" 

Ex. 2. It is required to find the length of an arc of a circle. 
We have found (Art. 227) that if z represents an arc of a 
circle, and t its tangent, we have 

dt 1 



i+e ^i-^r 

But rJ:7i=l-f +<*-^*+, etc. 

Hence dx=^^rT^'=^dt—fdt+tdt—fdt+^ etc 

Hence, integrating each term separately, we obtain 

e f V f f f f e 

If we take z equal to an arc of 30°, its tangent will be = \/^, 
which equals 0.577350, which being substituted for t in this 
series, we obtain 

^=^*^<^--i^+5^-"7^+9^-' ^^^-^ 

=0.5235987, 

the length of an arc of 80°, which, multiplied by @, giv^s the 
semicircumference to the radius unity 

=3.141592. 

Ex. 8. It is required to find the length of an arc of a cycloid. 
The dififerential equation of the cycloid, Art. 275, is 



<Rbotification or Corves. 



M9 



dr= 



yrfy 



Substituting this value of dx* in the differential of the arc, 
we obtain 



whence 



dx 



-V^ 



+ 



f^r 



2ry-j^' 




Integrating by Art. 303, we obtain 

/(2r-y)~*(fy= -2<2r-y)*+C. 

Hence x=-.(2r)*2-/2r-y+C, 

= -2V2r(2r-y)+C. 

If we estimate the arc from the B 

point B where y=2r, we shall 
have, when x=0, y=2r; hence 

• 0=0+C, 

or C=0, A c H 

which shows that there is no constant to add, and consequent- 
ly the entire integral will be 

a:=^2'/2r(2r— y), 

which represents the length of the arc of the cydoid from B 
to any point D who3e co-ordinates are x and y. 

But we see from the figure that BE=2r— y. 

Also, BG«=BCxBE, Geom., Prop. XXII., B. IV. 

Hence BG= VBCxBE= V2r(2r-y), 

and consequently the arc Bp=2BG, 

or the arc of a cycloid^ estimated from the vertex of the axis^ is 
equal to twice the corresponding chord of the generating circle ; 
hence the entire arc BDA is equal to twice the diameter BC, and 
the entire curve ADBH is equal to four times the diameter of the 
generating circle. 

Ex. 4. It is required to find the length of m arc of the com* 
mon parabola. 
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The cqosKka of :fa» panboia k 



tarr.gy SDd d^rkiiag b j 2» we have 



SubftLtstxg ttniTilae in the diderential ^rf* the arc, we obtain 



Integratiiig according to Ex. 1, Art. 322, we obtain 

If we eirimatff the are from the Tertex of the parabola, we 
shall hare 

y=:0 when z=^0; 

hence 0=^ log. p+C, or C=— | log. p ; 

and consequently 

Ex. 5. It is required to find the length of an arc of the log- 
arithmic spiraL 

The di£krential of an arc of a polar conre, referred to polar 
co-ordinates. Art 257, is 

The equation of the logarithmic spiral, Art 155, is 

l=Iog. r. 

Consequently dt= . 

Hence, by substitation, we find 

dz= Vdr'+M'dr', 

=drVT+W. 
For the Naperian system M=l, and we find 

dz^dry/U; 

whence z—rV2+C. 
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If we estimate the arc from the pole where r==0, we have 

x=ry/2; 

that is, in the Naperian logarithmic spiral, the length of an arc^ 
estimated from the pole to any point ofthecurve^ is equal to the 
diagonal of a square described on the radius vector* 

Ex. 6. It is required to find the length of an arc of an ellipse. 
The equation of an ellipse. Art. 69, Cor. 6, is 

Differentiating, we obtain 

dy_ (l-Qx 
dx- ,y * 



VA'-a;' 
Substitutmg this value in the differential of the arc, we obtain 

<fa7A'-eV 

~_ VA'-x* * 
DtYtiofing Y i — Try in a series, we obtain 

_ A.dx ^, e*x' eV Se'x' 

VA*=?^ aA^~8.4A*~2.4.6A~' ®"-^' 

The several terms of this series may be integrated as in 
Art 317, and we obtain 

' e* e* 3e' 

'=^»""2A^''2:4A'^"2X6A*^"'^^''' ^^^ 

where X, represents the arc of a circle whose radius is A and 
sine is X, 



A.X, X 



X.=^--^A--x«. 
X,=?^-^VA»=i', 

Xe= —^ -^ VA*-z\ etc. 



2&2 



IvTSGRAi. Calculus. 



In order to obtain one fourtk of tlie curcumfiMrenee of the el- 
lipsOv we must integrate between the limits x=^0 and a;=A. 
But when a;s=A, VA*— «*=0 ; hence the valuee of the quanti- 
ties^ Xti Xo etCi, become 

X_ A»X^ 
• — — t: — f 



x«= 



oA •JLg S A aJIL^ 

4 2.4 ' 



Xi= :: — = ' \ etc. 

^ 6 2.4.6 ' 

and consequently equation (1) becomes 

e" 8s' 3.3.56* 



*=X.(1 



, etc.)« 



2.2 2.2.4.4 2.2.4.4.6.6 

for one fourth of the circumference of the ellipse, where X« is 
« one fourth of the circumference of the circle whose radius is A. 
Htace the entire circumference of the ellipse is equal to 

^""^^^ -25" 25^4^2.2.4.4.6.6"-' ^^^'^ 
QUADRATURE OP CURVES 

(825.) The quadrcUure of a curve is the measuring of its 
area, or the finding a rectilinear space equal to a proposed 
curvilinear one. When the area of a curve can be expressed 
in a finite number of algebraic terms, the curve is said Uit be 
quadrabU^ and may be represented by an equivalent square. 

We have found. Art 258, that the differential of the area of 
a segment of any curve, referred to rectangular co-ordinates, is 

d$=ydx9 

where s represents the area ABPR, and z 
and y are the co-ordinates of the point P. 

To apply this formula to any particular 
curve, we must find from the equation of ^ 
the curve the value of y in terms of tl^ or the 
value ofdx in terms of y and dy, and sidh 
stitute in the formula ds=ydx. The in- -^ ^ 
tegral of this expression will give the area of the curve. 

Ex. 1. It is required to find the aref of the common parabola. 
The equation of the parabola is 




\# - 



p 

ffdu 
Therefore yrfr»^--^, 

afid, by integrstingj »«=^+C. 

If we estimate the area from the vertex of the parabola, the 
constant C wiH be equal to zero, because wheaj^ is made equal 
to 0, the surface is equal to ; hence the entire integral is 

* sp- 

which equals ^Xy'=^X2pa;=}a:y ; 

that is, the area of a segment of a parabtia Ueqmai io fwa thirds 
of the area of the rectangle described on the abscissa and ordinate. 

Ex. 2* It is required to find the area of any parabola* 
The general equation of the psrabolasy Art. 136^ is 

whence* by differealialiDgy we obtain 

nt^dy=€ub:f 

and dx^— — —. 

Therefore ydx—^-^. \ 

And, by integrating, Art 298» 

_ nif^' 



n 
-TT«S+C, by sriielitatiag x for its 



value ^. 
a. 



If we estimate the ar«a from the verteor of the parabola, the 
constant C will be equal to zero ; hence. 



'=;^^- 



Hence the area of any. portion of a parabola is equal to the 
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rectangle deeeribed on the abscissa and ordinate multiplied by 

* 
the ratio — r-r* 

11+1 
If 11=8, the equation represents the common parabola, and 
the area equals ^cy. 

If »=1, the figure becomes a triangle, and the area equals 

that is, the area of a triangle is equal to half the product of its 
base and perpendicular. 

Ex. 8. It is required to find the area of a circle. 

The equation of the circle, when the radius equals unity, is 

The second member of this equation being developed by the 
binomial theorem, we have 

1^ z' X* fe* 
^ 2 8 16 128 ••^ 

- , 3^dz x*dz x^dx bjfdx 
Hence ydx^dx — ^ g _.._.-, etc-, 

and integrating each term separately, we have 

X* X* 7? baf 

«=^^=*- e-io-m-iiM-' ***•• ■^- 

If we estimate the arc firom the point 
D, when x=0, the area CDEH is 0, 
and consequently C=0. The preced- 
ing series, therefore, expresses the area 
of the segmmt CDEH. 

If the arc DE be taken equal to ao^, 
the sine of W*, or its equal CH, which is x, becomes =(, and 
we have 

CDEH=g--— -y^-yjg^-, etc., 

=.478M5& 
But as x=:^, y= Vi ; therefore the area of the triangle 

CEH= JX ^|=.216606S. 
Hence the area of the sector 

CDE=.2617993, 

which, multiplied by 12, gives 

S.14151I, etc., for the area of the whole circle. 
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Ex. 4, It is required to find the area of an ellipse. 

The equation of the ellipse, referred to its center and axes, is 

B 



anci consequently the area of the semi-ellipse will be equal to 

But dx VA'— x" is the differential of the area of a circle 
whose radius is A, Art. 254; hence the area of the ellipse 

=-r-Xthe area of the circumscribing circle. 

But the area of the circumscribing circle is equal to ttA' ; 
hence the area of the ellipse is equal to 

irA X=T"f 

or irAB. 

Ex. 5. It is required to find the area of a segment of an 
hyperbola. » 

The equation of the hyperbola, referred to its center and 

axes, is 

Ay-BV=-A*B': 

B , . 

whence y=TV^*""A'. 

Consequently cb=y(fa=-jr— v«*--A*. 

Integrating according to Ex. 2, Art. 322, we obtain 

5=Ri>5^^^-^ log. [x+ Vl^^^J^+C. 

In order to determine the constant 
C, make a;=A, in which case f=0, 
and we have 

0=-^log.A+C; 
that is, C=-^ log. A. 



[ It 

c A ♦ 



Hence 



Ba;Va;*-A* A.B , Car+Vx'-AO 
2A T '*«• \ A >. 



] 
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which repFetents the segment APR; hence the entire segment 
APFie 

A.B log. < — 



which equals 



or 



A ^' i A 

ty-A.Blog.JJ+|j. 

xy^AS log. {^5!f^] 



n. 



S 



Ex. 6. It is required to find the area of a eytcloid. 

The area of the space ABC is most 
conveniently obtained by first finding 
the area of the space ABD, contained 
between the lines AD» DB» and the 
convex side of the curve. 

LetBC=2r,AG=a:,FG=jf; whence 
FE=2r-y=t). We shall then have ^ ^ 

rf(ADEF) =&=«&;= (2r-y>fa. 

But the differential equation of the cycloid. Art. 27^ is 

v2ry-y* 



B 



y/f ilp 



Hence <&= dy V2ry— y*, 

and 9^fdy V2ry— y*+C. 

But this is evidently the area of a segment of a circle whose 
radius is r and abscissa y (Art. 254); that is, the fCrea of tiie 
segment CHI. If we estimate the area of the first segment 
ADEF from AD, and the area of the segment CHI firom the 
point C, they will both be when y=0 ; the constant C, to be 
added in each case, will then be 0, and we shall have 

ADEF=::CHI ; 

and when y=2r, 

ADB=the semicircle CHB=— . 

But the area of the rectangle ADBC is equal to 

ACX AD=7rr X2r=;=2Trr% 

Hence the area AFBC=ADBC- ADB=|7rr'=three times the 
semicircle CHB ; and doubling this, we find the area included 
between one branch of the cycloid and its bdHt is equal to three 
times^ the area of the generating circk. 



Area of Spirals. 257 

AREA OF SPIRALS. 

(326.) The differential of the area of a segment of a polar 
curve, Art. 258, is 

, r'dt 

Ex. 1. It is required to find the area of the spiral of Archi- 
medes. 
The equation of the spiral of Archimedes is 

t 

dt 
whence ^^=^» 

d$=nf^dr; 
hence »=-::-= 



3 247r"' 
If we make ^=27r, we have 



*=§' 




which is the area PMA described by one 
revolution of the radius vector. Hence 
the area included by the first spire is equal to one third the 
area of the circle, whose radius is equal to the radius vector, 
after the first revolution. 
If we make ^=2(27r), we have 

87r 

which is the whole area described by the radius vector during 
two revolutions. But in the second rev- 
olution the radius vector describes the 
part PMA a second time ; hence, to ob- 
tain the area PNB, we must subtract 
that described during the first revolution ; 
hence 

the area PNB=— — =— . 

3 3 3 

Ex. 2. It is required to find the area of the hyperbolic spiral. 
The equation of the hyperbolic spiral is 

R 
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whence ^"'2?'* 

, a' 

and •^-g-^. 

Ex. «. [I if required to find ibe area of Ihe logarithmic 

spiral. 

The equation of 4liB kgAritliniic spiral is 

<=log. r. 

Mdr 
Hence cft=— •. 

r 

When M=l, *=T"' 

and s=— +C. 

If we estimate the area from the pole where r=0 and C=0, 
ve have 

that iSy the area^ of tie Naperian i^ariAmic gpbrei is equal to 
one fourth the square described tpon the radius vector. 

AREA OF BVMFACE8 OF B£VOLUTI(H9. 

(327.) We have found (Art 255) that ih» differential of the 
area of a surface of revolution is 

dS^2nyVdx*+dx^; 

whence S=J)iny Vdx*+dy^, (1) 

which is a general expression for the area of an indefinite por- 
tion of a surface of revolution ; the axis of X being the axis 

of revolution, and Vdx*+dy* the differential of the arc of the 
generating curve. 

In order to obtain the area of any particular mirface, we 

differentiate the equation of the generating curve, and deduce 

from it the values of y and dy in terms of x and dz; or of &; 

in t^rms of y and dy, which we substitute in expression (I). 

The integral of this expression will be the area required. 

^L 1. It is required to determine the convex sur&c^^f a 
cone. 
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If the right-angled triangle ABC be re* 
volved about AB, the hypothenuse AC 
will deacribe the convex surface of a 
cone* Mt AB=Ai BC=&, and kt x and 
y be the co-ordinates of any point of the 
line AC, referred to the point A as an 
origin ; we shall then have 

x:y;;h:bs 
. bx 

whence y^T* 

By differentiation, we obtain 

dy=ldx, and rfy»=^^. 

Substituting these values of y and dy* in the general formula, 
we have 

pny Vd^+dy*=f2n^dx y/¥+b\ 



If we estimate the area from the vertex where x=0, we 
have C=0, and 

Making a:=AB^A, we have the surface of the cone whose 

altitude is h, and the jradius of its base.i, 

_ AC 

nbVV+b'=^2nbX-^; 

that is, the convex surface of a cone is equal to the circumference 
of its base into half its side. 

Ex. 2. It is required to determine the convex surface of a 
cylinder. 

If the rectangle ABCD be revolved about 
the side AB, the side CD will describe the 
convex surface of a cylinder. Let AB=A, 
and CA=5; the equation of the straight 
line CD wiH be y^b ; whence ' 

Substituting these values in the general formula, we obtain 
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/2Try Vdx*+di/'=f2nbdx, 

==2nbx+C. 

If we estimate the area from the point A where x=0, C be- 
comes equal to 0; and if we make 2;=AB=Ay we have the 
convex surface of the cylinder 

2nbh ; 

that is, the convex surface of a cylinder is equal to the circum- 
ference of its base into its altitude. 

Ex. 3. It is required to determine the surface of a sphere. 

The equation of the generating circle, referred to the center 

as an origin, is 

a:-+y«=R«. 

By differentiating, we obtain 

xdx+ydy^O ; 

, - xdx 
whence ay=^ , 

^ x^da? 
and dfu^= — T"- 

^ y 

Substituting this value in the general formula, we obtain 



V(| 



/27ryy ^-5+I)£fc*=/27rdt Vx'+y*, 

=/27rRdii:, 
=27rRx+C. (1) 

To determine the constant, we will sup- 
pose the integral to commence at the center 
of the sphere ; and since the origin of co-or- . . 
dinates is at the center, the integral will be 
zero when x=0, and therefore the constant 
is equal to zero. Making x=R, we have 
for the surface of a hemisphere 

27rR«, 

and therefore the surface of the sphere is 

47rR«; 

that is, the surface of a sphere is equal to four of its great circles. 

Ex. 4. It is required to determine the surface of a parabo- 
loid. 
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A paraboloid is a solid described by the revolution of an arc 
AC of a parabola about its axis AB. 
The equation of the parabola is 

y"=2px, 

which, being differentiated, gives 

dx=^, and dx*=^^. 
P P 

Substituting this value in the general formula, it reduces to 

Integrating according to Art. 303, we obtain 

To determine the constant C, let us suppose that y becomes 
zero, in which case S also reduces to zero, and the preceding 
equation becomes 

whence 0= — -~- ; 

3 

and supposing the integral to be taken between the limits y=0 
and y=&, the entire integral will be 

Ex. 5. It is required to determine the surface of an ellipsoid, 
described by revolving an ellipse about its major axis. 
According to Art. 255, we have 

dS—2ny Vdx*+dy\ 
or dS=2nydz. 

But in Ex. 6, Art. 324, we have found 

, Adx ,, eV eV 3eV . 



^ 2nAydx , cV e*z* 3eV 

But ,===B. 

e'x' ' e*x* 3e'x* 
Hence dS=2TrB&:(l-^.-^;^-^:5^-. etc.). 
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and iategrating each term separately, we obtaia 

Integrating between the limits x=0 and a:= A, we shall ob- 
tain half the surface of the elHpsoid 

=2irAB(l-^-^-2;g;^-. tc). 

or the entire surface of the ellipsoid equals 

Ex. 6. It is required to determine the surface described by 
the revolution of a cycloid about its base. 
The general formula for the differential of the surface is 

dS=2nydz. 
But we have found in Ex. 8, Art. 324« 

^ , A / ^^ 2nV2ryidy 

Hence dS=2.rydyV^^^p^--==, 

which, being integrated, will give the value of the surface re- 
quired. 

But, according to Ex. 6, Art. 320, 

J V2ry-y* 3 * 3 

Hence 

•^ V2ry— y» ^ 

If we estimate the surface from 
the plane passing through B, we 
shall have Ss=0 when y=s2r, and 
consequently C=0. If we then 
integrate between the limits 

y=0 and y=2r, 
we have half the surface = y ttt" ; 

hence the entire surface = y wr* ; 

that is, the surface described by the cycloid revohed (ibout Us 
base, is equal to 64 thirds of the generating circle. 
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CUBATURE or SOLIDS OF REVOLUTION. 

(328.) The aibature of a solid is the finding its solid coai- 

tents, or finding a cube to which it is equal. 

We have found, Art 256, that the dififerential of a solid of 

revolution is 

rfV=7ry*(fe ; 

whence V=/7Ty'd!r, (1) ' 

where 2; and y represent the co-ordinates of the curve which 
generates the bounding surface, the axis of X being the axis 
of revolution. 

For the cubature of any particular solid, we diflferentiate the 
equation of the generating curve, and deduce from it the value 
of dx in terms of y and dy, or the value of y* in terms of x 
which we substitute in expression (1). The integral of this 
expression will be the solid required. 

Ex. 1. It is required ta determine the solidity of a cylinder. 

Let r represent AC, the radius of the base, c^_^ p 

and h the altitude AB. Then 

Y=fny*dx=fnVdx, ^ 

Taking the integral between the limits x=0 and x=:AB=A, 
we have 

V=7r6'A; 

that is, the solidity qf a cylinder is equal to the product, of its 
base by its altitude. 

Ex. 2. It is required to determine the solidity of a cone. 
Let h represent the altitude of the cone, and r the radius of 
its base. We shall then have 

y=^, andy*=^a:*. 

Substituting this value of y' in the general formula, it be- , 
cornea 

whence V= ., +C. 

And taking the integral between the limits x=0 and a:=/k, we 
obtain 
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Lt is, the Molidity of a cone U equal to the area of its base into 

I third of its altitude. 

Bx. 3. It i§ required to find the solidity of a prol&te spheroid, 

the solid described by the revolution of an ellipse about its 

jor axis. 

The equation of an ellipse is 

!/'=|-!(A'-x'). 

Substituting this value of y* in the general formula, it be- 
nes 

rfV=ir^{A*-i')(£c, 

] by integrating, we find 

If we estimate the solidity from the plane passing through 
center perpendicular to the major 
fl, we shall have when x=0, V=0, 
1 consequently C=0. Therefore 






taking x=A, we obtain for one half of the spheroid 

5"B'A ; 
I consequently the entire spheroid equals 

JwB*A, or JttB'XSA. 
Jut itB* represents the area of a circle described upon the 
lor axis, and SA is the major axis ; hence the solidity of a 
late spheroid is equal to two thirds of the circumscribing 
inder. 
Jor. If we make A=B, we obtain the solidity of the sphere, 

j7rR*=jjrD*. 
3x. 4. It is required to find the solidity of the common pa- 
oloid. 
The equati'm of ihe parabola is 
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Substituting this value of y' in the general formula, it be- 
comes 

Hence Y=iTpx*+C. 

To determine the constant, we suppose x to become equal to 
zero, in which case the solidity is zero, and C=0. 

Taking the integral between the limits x=0 and x=A, and 
designating by &, the ordinate corresponding to the abscissa 
x=hf we have 

A 
V=7tpA*=7r6*x^. 

But nV represents the area of a circle 
of which BC is the radius ; hence the 
solidity of the paraboloid is one half that 
of the circumscribed cylinder, 

Ex. 5. It is required to find the solidity of the solid generated 
by the revolution of any parabola about its axis. 
The general equation of the parabolas is 

y^'^ax ; 




whence 



and 



Hence 



a 



rfv=^y"^y. 



a 

•■fi 



Tray— 



W-H2 a 

n+2 ^ 
But when a;=0, V=0, and therefore C=0 ; hence 

n . 



V= 



n+2 



Tty'x, 



If n=2, the solid becomes the common paraboloid, and its 
solidity equals J^y'ar. 

If n=l, the curve becomes a straight line, and the solid be- 
comes a cone, and its solidity equals \'rry^x. 

Ex, 6. It is required to find the solidity of the solid gener- 
ated by the revolution of the cycloid about its base. 
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Boat i^=^ 



vZ rlvv tbe rdoe of the solid re- 



Tie -n^CTLl :f ru exrressiioQ has already bem firand in 

ArLa:>- 



v= 



=^vy^-y-^^^=yx 



*^^ F 



X«= arc cf which r is the radios and y the 

We mast dov xtegrate between the limits y=0 and y=2r. 
Wben jr=0. all uie abore terms become 0. 
When jr=2r. these Taioes become 



x.==^x.= 



and V= 



2^ 2 • 



2 • 

which is one half of the solidity ; hence drr*!-* is the solid re- 
quired. 

But ?r(2r)' represents the base of the circumscribing cylinder, 
27rr represents its altitude, 
and dir'r' represents its solidity. 

Hence the scUi required is equal iofm eighths of the cir- 
cmmscribing cylinder. 
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HISCELIiNEOU& EliHFLES. 

(329.) Ex. I. In a right-angled triangle, having given the 
hypothenuse (a), and the difference between the base and per- 
pendicular (2d), to determine the two sides. 

-An5. Y — ha, and y — g — • — a. 

Ex. 2. Having given the area (c) of a rectangle inscribed in 
a triangle whose base is (b) and altitude {a), to determine the 
height of the rectangle. 

Ans. 2±V 4-T- 

Ex. 3. Having given the ratio of the two sides of a triangle, 
as m to n, together with the segments of the base a and i, made 
by a perpendicular from the vertical angle, to determine the 
sides of the triangle. 



"*^- ^ V ^^T-i;. and n\/-j— --.. 



Ex. 4. Having given the base of a triangle (2a), the sum of 
the other two sides (25), and the line (c) drawn from the ver- 
tical angle to the middle of the base, to find the sides of the 
triangle. 

Ans. *±Va*+c*— «•. 

Ex. 5. Having given the two sides (a) and (ft) about the ver- 
tical angle of a triangle, together with the line (c) bisecting that 
angle and terminating in the base, to find the segments of the 
base. / 



^"*- «V ^^' a»*J W^;nr 



ab ^ ab 

EiX* 6. Determine the sides of a right-angled triangle, having 
given its perimeter (2/?), and the radius (r) of the inscribed circle. 

Ans» The hypothenuse equals/)— r, and the other sides are 
p+r^ V(y — r)'— 4pr 

— ^ ' a 

2- 
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Ex. 7. Determine the radii of three equal circles, described 
in a given circle, which touch each other, and also the drcum- 
ference of the given circle whose radius is R. 

Ans. R(2V3-3). 

Ex. 8. Having given the three lines a, 6, and c, drawn from 
the three angles of a triangle to the middle of the opposite 
sides, to determine the sides. 

Ans. |V2a*+2i'-c% 

Ex. 9. Having given the faypothenuse (a) of a right-angled 
triangle, and the radius (r) of the inscribed circle, to determine 
the other sides. 

Ans. J(a+2r=fc y/a^-^ar-^r"). 
Ex. 10. Draw ihp line whose equation is 

Ex. 11. Construct the equation 

y*-7y+12=0. 

Ex. 12. Describe the circle whose equation is 

y*+x*+4y-4a;-8. 

Ex. 13. Describe the circle whose equation is 

y'+a;'-6y+ac=ll. 

Ex. 14. Prove that the three perpendiculars drawn from the 
angles to the opposite sides of a triangle, pass through the same 
point. 

Ex. 15. Prove that the three straight lines drawn from the 
angles of a triangle to bisect the opposite sides, pass through 
the same point. 

Ex. 16. What is the differential of the function 

Ans. du=5(a+bxyx*dx-^6b(a+bxyx*dx. 

Ex. 17. What is the differential of the function 

u=a:(a+a;)(a«+ar')? 

Ans. rfii=(a'+2a*x+3ax*+4«*)dSt. 
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Ex. 18. What is the differential of the function 

, (a*+aV-4x*)<fa 
Ans. du=^- , . 

Ex. 19. What is the differential of the function 

u={a+Viyt 

^ 8(a+ VxYdx 
Ans. au=-^ = . 

Ex. 20. What is the differential of the function 

a+x ^ 



Va—x 



3a — X 
Ans. du= T.dx, 

2{a-xy 



Ex. 21. What is the differential of the function 

X 
11= — ; — . T 

dx 
Ans. du= 



Vl-a;'(l+2a:Vl-a:*) 
Ex. 22. What is the differential of the function 

Ex. 23. What is the differential of the function 

. , -2x{2a*+2a'x'-x*)dx 

^'"- ''"^ (a'+aV+xO* • 

Ex. 24. What is the differential of the function 

u={a+bxy{m+nxyi 
Ans. du=Sn{a+bxy{m+nxydx+fib{a+bx)(m+nxydx. 

Ex. 25. What is the differential of the function 



X" 



tt= 



T 



. nx^'^'^dx 
Ans, 



(1+^) 



«+!• 
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Ex. 26. What is the differential of the funetion 

Ans. du='-- — . 

Ex. 27. What is the difierential of the functioii 

Ans. rf«= J(tf — 5a:) \/a+x.di. 
Ex. 28. What is the diflbrential of the function 

Ans. du=20{a+bxy{c+exyex*dx+6b{c+ex*y{a+bzyxdx. 
Ex. 29. What is the differential of the function 



use 



Va+x— Va—x 



a:* •a'-x* 
Ex. 90. What is the differential of the function 

axydx^ax*dy 

Ex. 31. What is the diflbrevtial of the function 

u«(2a'+3r*)(a'-ar*)*? 



Ans. d«= — 15a: Va*— a:*.i6. 

Ex. 32. What is the differential of the function 

u=sx log. z.f 

Ans. rftf= (1+ log. a:)d!r. 

Ex. 33. What is the differential of the function 

i«=«log-[a:+V«'+«*]? 

Ans. du^^ 



Ex. 34. What is the differential of the function 



t=l0g. { - ^ ; } ? 



. , adx 

Ans. au= 



xVa*+x* 
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Ex. 3& WhatiBthodifiBrentialofthefijiictioii 

11=—^ — f 

X 

An.. ^^ O-'og-')^ . 

X 

Ex. 26. What is the difirential of the fimctioD 






Ans. du=' 



Vl+x* 
Ex. 97. What is the difimntial of the function 

log.x 

J . (log. x^l)dx 

AIM. dU=^ 7^ ri — • 

(log. xY 

Ex. 38. What is the differential of the function 

v=(log. x)"t 

X 

Ex. 39. What is the differential of the fonction 



t=log. ? — tt 

1 va+x— va— xj 



ad!x 



xVa*— x' 
Ex. 40. What is the difierential of the function 

® (>/a-</x) 

. y/a,dx 

Ans. du^-: T-rr* 

(a— x)>/« 

Ex. 41. What is the differential of the function 



_. a+2hx 
"■"(tf+tx)' 



(a+6x)' 
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Ex. 42* Develop into a series the function 

X* X* Sx* 
2a 2.4a' 2.4.6a' 

Ex. 43. Develop into a series the function 

u= V2a:— 1. 



a:' 7? 



Am. u=\/— 1{1— X— — — t — ,etc.|. 

Ex. 44. Develop into a series the function 

_ 1 

l_^ to' 5.9a;'* 5.9.13a;" 
^««- «-5 4a''*"4.8a' 4.8.12a""^4.8.12.16.a"""' ^^• 

Ex. 45. Determine the maxima and minima values of the 
function 

€fx 



^"^1 n- 

{fi-xY 

Aiu, u has a maximum when x= +a, and a minimum when 

Ex. 46. Find the values of x which will render the function 

tt=3a'a;'-6*a;+c' 
a maximum or a minimum. 

Ans, There is a maximum corresponding to x=— — , and a 

minimum corresponding to a;=+— . 

Ex. 47. Required the least parabola which shall circum- 
scribe a circle whose radius is R. 

Ans. The axis of the parabola is f R, and its base is 3R. 

Ex. 48. It is required to inscribe the greatest rectangle in 
an ellipse whose axes are 2 A and 2B. 

Ans. The sides of the rectangle are A\/2 and B^/2. 

Ex. 49. It is required to find the fraction that exceeds its 
cube by the greatest possible quantity. 

Ans. +V^J. 
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Ex. 50. The equation of a certain curve is 

required its greatest and least ordinates. 

Ans. When x=^ y is a maximum; when x=0^ y is a 
minimum. 

Ex. 51. What is the altitude of the maximum cylinder which 
can be inscribed in a given paraboloid ? 

Ans. Half the axis of the paraboloid. 

Ex. 52. Find the values of x which will render u a rnaxi^ 
mum or a minimum in the equation 

«=3x*- lte'+6x'+72x- 1. 

Ans. This function has a maximum value when x= +2, and 
a minimum value when x= — 1 or +3. 

Ex. 53. It is required to circumscribe about a given parab- 
ola, an«isosceles triangle whose area shall be a miuimum. 

Aj^. The altitude of the triangle is four thirds of the axis 
of the parabola. 

Ex» 54. Required the subtangent of the curve whose equa- 
tion is 



ir^ 



«• 



a— X 



2x{a-z) 
Ans, -^ — --r — ^ 
3tf— 2a: 



Ex. 55. Required the subtangent of the curve whose equa- 
tion is 

«y'=fl'(«— a:). 

2{ax— «•) 

A.ns» — * 

a 

Ex. 56. Determine when the subtangent of the preceding 
curve is a minimum. 

Ans. When x=ia. 

Ex. 57. Find the value of the subnormal of the curve whose 
equation is 

3ay*+a*=2x\ 

a?" 

Ans^ — . 
a 
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Ex. 58. Find tbe value of the subnormal of the curve virhose 
equation i£ 



y'=2a' log. z. 



a 



Ans. — , 

X 



Ex. 59. Determine the radius of curvature at any point of 
the cubical parabola whose equation is 

y*=ax, 

6a*y 

.Ex. 60. Determine when the curvature of the preceding 
curve is greatest 



4 /^ 



il>w. When y= v ^^^ 

Ex. 61. Determine the radius of curvature at any point oi 
the logarithmic curve whose equation is 

Ans, R=^ — :jrp^ — , M being the modulus. 

Ex. 62. Determine the point of greatest curvature of the 
logarithmic curve. 

AnJL The point whose ordinate is equal to — -. 
. E$. 63. Determine wliether the curve, whose equation is 

has a cusp at the point wher^ the tangent is parallel to the 
axib of Y. 

Ex. 6'4. Determine the point of inflection in the curve whose 
'equation Is 

Ans. There i«r an inflection at the point where y^^a. 

. ■ » ■ - 

Ex. 65. Determine whether the curve whose equation is 

has a point of inflection. 

,, Ans. This curve has a point of inflection at the origin. 
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Ex. 66. Re<(inred the equation of the curve whose area is 
equal to twice the rectangle of its co-ordinates. 

Ans. The equation is xj^=a, 

Ex. 67. Find the integral of the differential 

dx 



dk= 



1 



Ans. «=' 



Ex. 68. Find the integral of the differential 

4xdx 



du= 



(l-xY 



AW8. «ar ; ■■■+0^ 
1— X" 



Ex. 69. Find the integral of the differential 

2adx 



du=^ 



xyf% 



az—x 



2V2ax—x\ ^ 
Ans. u= hC. 



Bx. 70. Find the integral of the differential 

xdx 



dtt= 



1 / x 

Ans. tt=-'\/r +C. 

a ^ 2a— ; 



'X 



Ex. 71. Find the integral of the differential 

, x*dx 
du=^ - — r . 



Ans. M= — htf. 



Ex. 72. Find t)ie iptegral of the differential 

dx 



du^ 






x' Sx' 3.to' . ,^ 

Ans. u=x-^~^^;^~^^^+ etc+C. 
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E3L 78. Find the integral of the di&rential 

te*<fc 

^«x. «=Iog. (x'+cO* 
Ex. 74. Find the integral of tne difierential 



3x*+T 

Ans. «= A log. (ar*+7). 

Ex. 75. Find tbe integral of the differential 

Ex. 7<k Find the integral of the diflbrential 

Ans. «= 



2a'x(a+x')* 



Ex« 77. Find the integral of the differential 

Ex. 78. Find the integral of the differential 

4idx 



(l+x*)* 



j1y». tt= 



\/l+x* 

Ex. 79. Find the integral of the differential 

, x*dx 



Va'+x- 

x* 6a* /• x*di 



6^ Va*+T 
Ex. 80. Fmd the integral of the diflbiential 

z»<fe 



(&= 



To^ 



ar 



9a'/* «•<& 



lo^'^^- 
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£x« 81 Find the integral of the differential 

x^dx 



da^ 



V2(Mx^x* 



. 9a r x*dx X* , B 

Ex. 82. Find the integral of the differential 

_ x*dx 

Aiw. tt=~ — ^+- log. (x*+a«). 

Ex. 83. Find the integral of the differentia] 

x*dx 



dtt= 



/* zdr x* , 



Ex. 84. Find the integral of the differential 

x*dx 



du= 



y/a+bx^' 
Ans. u=l~^] V^+bP. 

Ex. 85. Find the integral of the differential 

du^x*{a+bx*ydx. 

Ans. u= ^ jgj;A(«+ft«') ^ 

Bx. 86. Find the integral of the differential 

ac*+2a;+l ^ 

dU = — : :: — dX, 

x'+x'+x+l 

Ans. tt~log. {x*+x*+x+l). 

Ex. 87. Determine the volume of a parabolic spindle which 
is generated by the revolution of a parabola, about its base 6, 
the height being h. 

Ans yJ-^^ 
lo 

Ex. 88. Determine the area of the logarithmic curve. 

Ans. 5=M(y— a). 
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Ex. 89. Determine the volume of the solid generated by the 
levolutioD of the logarithmic eorve about the axis of X. 



An$. V= 



_Miry« 



Ex. 90. Determioe the volume of the solid generated by the 
revdution ef the carve whose equation is 



a— ar 



AnM. V=:na* log. 



TRt* TTOr* 



a— a? 3 



ira"x. 



1 



THS vmm. 
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